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PERFORMANCE ANALYSIS OF THE ELLIPSOIDAL SUPPORT
VECTOR CLUSTERING ALGORITHM ON VARIOUS
SYNTHETIC AND BIOMEDICAL DATA SETS
ABSTRACT
Along with the development of communication and technology, the amount of digital
data in the world is increasing. Therefore, it has become very important to obtain
meaningful information by using these data especially in recent years. In particular,
clustering methods are one of the most important algorithms used to extract hidden
patterns within the data. In most clustering methods, the Euclidean distance is used as
a similarity metric between data samples. At the Euclidean distance, the variance of
the data is considered equal. However, most real world data may contain data in
different variances. For this, kernel-based Ellipsoidal Support Vector Clustering
(ESVC) algorithm was developed using Mahalanobis distance. The ESVC method can
automatically generate the appropriate cluster boundaries according to the data
samples without having to specify the number of clusters by means of the variance
parameter of the kernel function.
This study is divided into two parts. In the first part, the ESVC method was first time
applied to the real biomedical data sets such as Hepatitis and Parkinsons, and then was
compared with clustering algorithms that use Euclidean distance such as k-means,
fuzzy c-means and hierarchical. From the simulation results, it was observed that the
ESVC algorithm performed quite well.
In the second part, Cauchy, Laplacian, hyper tangent kernels were proposed as an
alternative to Gaussian kernel for ESVC and then performance analyzes were
performed. According to the results of the analysis, it was shown that Cauchy and
hyper tangent kernel functions could be used as an alternative to Gaussian kernel.

Keywords: Clustering, kernel function, ellipsoidal support vector clustering,
mahalanobis distance.
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ELİPSOİT DESTEK VEKTÖR ÖBEKLEME ALGORİTMASININ
ÇEŞİTLİ SENTETİK VE BİYOMEDİKAL VERİ SETLERİ
ÜZERİNDE PERFORMANS ANALİZİ
ÖZ
İletişimin ve teknolojinin gelişmesi ile dünyadaki dijital veri miktarı gittikçe
artmaktadır. Bu nedenle, özellikle son yıllarda bu veriler kullanılarak anlamlı bilgi elde
etmek çok önemli hale gelmiştir. Özellikle, öbekleme yöntemleri, veri içindeki gizli
desenleri çıkarmak için kullanılan en önemli algoritmalardan biridir. Çoğu öbekleme
yönteminde, Öklid uzaklığı, veri örnekleri arasında benzerlik metriği olarak kullanılır.
Öklid uzaklığında, verilerin varyansları eşit kabul edilir. Ancak, çoğu gerçek dünya
verisi farklı varyansta veriler içerebilir. Bunun için, Mahalanobis uzaklığı kullanılarak
Kernel tabanlı Elipsoit Destek Vektör Öbekleme (EDVÖ) algoritması geliştirilmiştir.
EDVÖ yöntemi kernel fonksiyonunun varyans parametresi sayesinde küme sayısının
önceden belirtilmesine ihtiyaç duymadan veri örneklerine göre uygun küme sınırlarını
otomatik olarak oluşturabilir.
Bu çalışma iki kısma ayrılmıştır. İlk kısımda, EDVÖ yöntemi ilk kez hepatit ve
parkinson gibi gerçek biyomedikal veri setlerine uygulanmış ve ardından k-merkez,
bulanık c-merkez, hiyerarşik gibi Öklid uzaklığı kullanan öbekleme algoritmalarıyla
karşılaştırılmıştır. Simülasyon sonuçlarından, EDVÖ algoritmasının oldukça iyi
performans gösterdiği gözlemlenmiştir.
İkinci bölümde, Cauchy, Laplacian ve hyper tangent kernelleri, EDVÖ için Gauss
kerneline alternatif olarak önerilmiş ve daha sonra performans analizleri yapılmıştır.
Elde edilen analiz sonuçlarına göre, Cauchy ve hyper tangent kernel fonksiyonlarının
Gauss kernele alternatif olarak kullanılabileceği gösterilmiştir.

Anahtar Kelimeler: Kümeleme, kernel fonksiyonu, elipsoit destek vektör öbekleme,
mahalanobis uzaklığı.
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CHAPTER 1
INTRODUCTION
We live in the data era. Huge amount of data is generated every year in the world.
Machine learning algorithms which are data driven methods helps us to extract
meaningful information using these data. In this chapter, firstly, brief introduction to
machine learning is given. After that, literature review and aim of the thesis is
provided.

1.1 Machine Learning
Along with evolving communication and internet technology, data have an important
role in almost every activity of people. Every day we use huge amount of data in most
of the areas of the life. It has significant effect in shaping what people, working in
many sectors, will produce in the future. Training data on an athlete's smart watch,
material and stock forecasts, purchasing trends, demand forecasts, monthly/annual
sales data of a retail company, social media usage data, consumer feedback, customer
complaints solutions, electrical load data of a zone, biomedical data of some diseases
can be given as example of data that takes place almost in every moment in our life.
With technology being used in nearly every area of our life, more and more data is
being produced day by day. IDC (International Data Corporation, a market research
company), estimates that the global data sphere will reach over 160 zettabytes (that is
a trillion gigabytes) by 2025 [1]. That’s ten times the 16 ZB of data generated in 2016
as shown in Figure 1.1. All this data will unlock unique user experiences and a new
world of business opportunities. Therefore, it is increasingly important to extract and
use meaningful information from processing of these data by computers.
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Figure 1.1 Annual Size of the Global Data Sphere [1].

There are various algorithms that extract the meaningful information from data. In
recent years machine learning algorithms are great of interest in the applications.
Arthur Samuel who is the one of the pioneers of machine learning defines this
scientific area in 1959 as: ML is a field of science that gives computers the ability to
learn without being explicitly programmed. Especially, ML focuses on providing
computers with the ability to perceive complex patterns and distributions and make
rational decisions based on data. This shows that it is closely related to such fields as
statistics, data mining, pattern recognition, artificial intelligence [2].
People learn from past experiences and make mistakes then try to make the right
decision in the future. The general approach of ML theory is based on this point. In
order to allow computers to learn from the data and make decisions, ML based
algorithms generate a model using past observations, then tries to predict future
outcomes by using this model and future incomes [3].
ML based algorithms are generally divided into three main parts: supervised learning,
unsupervised learning, and reinforcement learning. There are some factors to
determine which learning techniques to choose, such as the type of data, type of output
[4].
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Generally, the data, used in ML based algorithms, consist of input values and desired
output values. The input and output values are obtained from the observations. The
output value of the machine learning model named data labels is the expected outcome
produced by the algorithm using the supplied input value. In some cases, data labels
are known, but in some cases data labels may not be known. If data labels are known,
supervised learning algorithms are used [5]. Input and data labels, are given to the
system together. There are two main types of supervised learning methods:
classification and regression. Classification algorithms are used in cases where data
labels are discrete values while the regression algorithms are used where the data labels
are continuous values.
Unsupervised algorithms are used in cases where the data labels are not known. Here,
the algorithm divides the data into certain classes using only the data input values.
Clustering algorithms can be given as example of unsupervised learning algorithms. If
the desired output are not known in advance, Clustering based algorithms are
preferable [6].
The reinforcement learning is distinguished from other types of machine learning
algorithms [7]. In this learning method there is an agent performing the learning
process, an environment in which this agent interacts, and a reward received by the
interacting agent. Reinforcement learning is an action in the world (environment) to
bring agents' awards to the highest level. For example, consider training an animal:
you cannot tell what to do, but you can reward / punish if it does the right or wrong
thing. This type of learning method is used to perform many tasks such as playing
computer games, planning jobs, and so on.

1.2 Clustering
As an unsupervised approach, clustering refers to a very broad set of techniques for
finding subgroups, or clusters, in a data set. Clustering algorithms aim to understand
the general structure and characteristics of the limited data by finding the similarities
between the data samples that are given [8].
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Clustering algorithms are applied in many scientific fields like medicine [9-13],
engineering [14], finance [15] and internet [16].
Many algorithms and methods have been developed for the implementation of
clustering. Since, each method has its advantages, disadvantages and its own
characteristics, there is no single method giving the best result in solving all problems.
Clustering methods are also used in biomedical research to diagnose disease in
individuals and to take necessary precautions. Especially k-means clustering [17],
hierarchical clustering [18], fuzzy c-means (FCM) [19] are frequently used in
biomedical research.
Recently, there has been a significant increase in the number of studies on the
application of different clustering algorithms on the same data and comparing their
results (performances). Velmurugan [20] applied the k-means and FCM clustering
algorithms to the communication data set and implemented a performance-based
analysis. Velmurugan emphasized that the computation time for the k-means
clustering algorithm is shorter than the FCM clustering algorithm, but it is more
sensitive to noise. Erken applied the k-means, spectral and Girvan-Newman clustering
algorithms to breast cancer data set by examining the pros and cons [21]. From the
results, k-means clustering algorithm was the fastest result algorithm, some deviations
occurred in spectral clustering algorithm and lastly, too much time was needed in
Girvan-Newman clustering algorithm. Sharma et al. compared clustering
performances of the k-means and hierarchical maximum likelihood clustering
algorithms by applying them to the genome data [22]. Accordingly, it has been shown
that the hierarchical maximum likelihood clustering algorithm is better in the
overlapping clusters, and is therefore useful even in cases where the number of data
sample is less than the size of the data.
The parameterization level in clustering algorithms is one of the most important issues.
For example, in algorithms such as k-means and fuzzy c-means, choosing the number
of clusters suitable for each data set has an important effect on the result. Generally,
this low-level parameterization is not obvious and varies according to the data sets. To
overcome the abovementioned problems, various methods have been proposed.
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Among them, Support Vector Clustering (SVC) method [23] has pointed significant
interest due to its ability to generate arbitrary cluster shape by using Gaussian kernel
parameter, automatically determination of the number of clusters, no need prior
information etc. This method is very interesting with its aspects and used in fields like,
electrical engineering [24], economics [25], and medicine [26 ,27] and also
performance analysis is done with several synthetic and real data sets [28-56].

1.3 Aim of Thesis
The data sets to which the clustering algorithm will be applied generally have nonlinear boundaries between clusters. Identifying these non-linear boundaries in the input
space is a complex problem. For the solution of this problem, firstly, the data in the
low dimensional input space is mapped into a high-dimensional space called the
feature-space by means of a non-linear transformation function. The clustering process
is then performed in this high-dimensional space by finding a hyper-plane to separate
the clusters and then mapping this hyper-plane back to the input space. The algorithms
using this approach are called kernel-based methods [57]. According to the Mercers
Theorem, there is a mapping function for any positive definite kernel function [58]. In
other words, any valid kernel function can be expressed as the dot product of the data
samples in the feature space. However, the mapping function, carries the data from the
input space to high dimensional space, is not explicitly calculated by taking advantage
of this feature of the kernel functions. Instead, the kernel functions are used instead of
the dot product of the mapping functions. For this purpose, it is checked whether the
kernel function is positive definite rather than what the mapping function is.
Another important issue in clustering algorithms is to find similarity between data
samples. The clustering operation is performed in such a way that the samples in same
cluster are similar however, clusters in the data are dissimilar [59]. Most of the
clustering algorithms uses the Euclidean distance as the similarity metric between the
data samples. Euclidean distance assumes the variances of the data samples are equal.
In other words, the variances of the data samples are assumed to be equal and the
square of the distance between the data samples are minimized. Clustering algorithms
that use Euclidean distance may generate incorrect clusters if there are noisy samples
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or outliers in the data set. However, most real-world data may contain different variant
data. For this reason, Mahalanobis similarity metric is more preferred. In fact, the
Euclidean distance metric is the special case of the Mahalanobis distance metric. To
overcome the above-mentioned problems, Wang et al. [10] proposed a new kernelbased clustering algorithm using Mahalanobis distance instead of Euclidean distance
in SVC and called the Ellipsoidal Support Vector Clustering (ESVC) algorithm. The
use of Mahalanobis distance in ESVC allows generating tight and better contour
representation for data.
Although, the ESVC algorithm has been proposed to detect active sites in functional
MRI data [10], no scientific studies have been found in the analysis of data of any
disease with ESVC in the literature. In this study, the ESVC algorithm was also applied
to the real-world data sets of Hepatitis and Parkinson diseases taken from the
University of California Irvine (UCI) data collection [60]. In addition, the algorithms
used in the literature such as k-means [61], FCM [62] and hierarchical are applied on
these datasets and ESVC is compared with these algorithms in terms of specificity,
sensitivity and error rate.
According to our recent search, there is no study that use ESVC algorithms with
different kernel function than Gaussian in literature. In our study, ESVC algorithm was
used with 3 different kernel functions together with Gaussian kernel. Hyper tangent,
Cauchy and Laplacian functions which satisfies the conditions of Mercer theorem were
selected and analyzed. A synthetic two-dimensional ring data set is used for visual
inspection of the results.
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CHAPTER 2
METHOD
In this chapter, kernel-based non-parametric Support Vector Clustering and Ellipsoidal
Support Vector Clustering algorithms are firstly explained and then in details. After
that, kernel trick which is important topic in the first section of the chapter 3 is
discussed.

2.1 Support Vector Clustering
Support Vector Clustering (SVC) is an unsupervised clustering algorithm that is first
proposed by Ben-Hur et. al. inspired by Support Vector Machines (SVM). Since SVC
is an unsupervised algorithm, there is no need to have prior information about the data.
SVC can provide arbitrary set of clusters, can determine the number of clusters not
previously given to the system.
In SVC theory, first data points mapped from data space to the feature space using a
non-linear mapping function. Then minimal enclosing feature space sphere that
encloses most of the data points is found. Support Vectors (SVs) are on the boundary
of this sphere, bounded support vectors are outside and all other points are inside of
the sphere. After that, this sphere mapped backed to the data space so, it can be
separated into the components. Points inside of each separate component are in the
same cluster. Number of the clusters depends on the kernel arguments (Gaussian
kernel: σ) but the kernel parameter does not control the number of the clusters directly.
We have high level control on the number of clusters using the kernel parameter. This
parameter changes the mapping scale to the feature space by the way the number of
the disconnected contours (clusters) change.
2.1.1 Training
There is a training dataset, containing 𝑁 points {𝑥1 , 𝑥2 , … , 𝑥𝑁 }, 𝑥𝑖 ∈ ℝ𝑑 in d
dimensional data space (𝑋 ⊆ ℝ𝑑 ). Utilizing the non-linear transformation 𝜙 from data
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space 𝑋 to the high dimensional feature-space (ℝ𝑓 ), a hyper-sphere that encloses the
all mapped data points in the feature-space with minimum volume is generated.
This definition is described by the representation in Equation 2.1.
min 𝑅 2 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖

(2.1)

s. t. ‖Ф(𝑥𝑖 ) − 𝑎‖2 ≤ 𝑅 2 ,

𝑅>0

As shown in Equation 2.2, adding slack variables ( {𝜉1 , 𝜉2 , … , 𝜉𝑁 }, 𝜉𝐽 𝜖 ℝ ) that enables
soft boundary calculation provide more robust and accurate representation.
min 𝑅 2 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖

(2.2)

s. t. ‖Ф(𝑥𝑗 ) − 𝑎‖2 ≤ 𝑅 2 + 𝜉𝑗 ,

𝑅 > 0,

𝜉𝑗 > 0,

𝑖 = 1, … , 𝑁

To solve problem, Lagrange multipliers are used in Equation 2.3.
2

𝐿 = 𝑅 2 − ∑𝑗(𝑅 2 + 𝜉𝑗 − ‖Ф(𝑥𝑗 ) − 𝑎‖ )𝛽𝑗 − ∑𝑗 𝜉𝑗 𝜇𝑗 + 𝐶 ∑𝑗 𝜉𝑗
𝛽𝑗 ≥ 0,

(2.3)

𝜇𝑗 ≥ 0

𝛽𝑗 and 𝜇𝑗 are Lagrange multipliers. 𝐶 is a constant and 𝐶 ∑𝑗 𝜉𝑗 is error term. Setting
the derivative of 𝐿 to zero with respect to 𝑅, 𝑎 and 𝜉𝑗 respectively gives the Equation
2.4, 2.5 and 2.6.
∑𝑗 𝛽𝑗 = 1

(2.4)

𝑎 = ∑𝑗 𝛽𝑗 Ф(𝑥𝑗 )

(2.5)

𝛽𝑗 = 𝐶 − 𝜇𝑗

(2.6)

Karush-Kuhn-Tucker conditions give Equation 2.7 and 2.8.
(2.7)

𝜉𝑗 𝜇𝑗 = 0
2

(𝑅 2 + 𝜉𝑗 − ‖Ф(𝑥𝑗 ) − 𝑎‖ )𝛽𝑗 = 0

(2.8)
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Support Vectors are on the boundary of the sphere with 0 < 𝛽𝑖 < 𝐶, bounded support
vectors are outside of the sphere with 𝜉𝑖 > 0, 𝛽𝑗 = 𝐶 and all other points are inside of
the sphere.
Using Lagrange equation, the Wolfe dual form that is used in the optimization case is
generated (Equation 2.9).
2

𝑊 = ∑𝑗 Ф(𝑥𝑗 ) 𝛽𝑗 − ∑𝑖,𝑗 𝛽𝑖 𝛽𝑗 Ф(𝑥𝑖 )Ф(𝑥𝑗 )
s. t. 0 ≤ 𝛽𝑖 ≤ 𝐶,

(2.9)

𝑖 = 1, … , 𝑁

According to the kernel trick, dot product of mapped samples is equal to the value of
the kernel function with the data values in data space. This is described in Equation
2.10.
(2.10)

𝐾(𝑥𝑖 , 𝑥𝑗 ) = Ф(𝑥𝑖 ) ∙ Ф(𝑥𝑗 )
Gaussian kernel used in SVC is written in Equation 2.11.
𝐾(𝑥𝑖 , 𝑥𝑗 ) = 𝑒 −𝑞‖𝑥𝑖 −𝑥𝑗‖

2

(2.11)

Hence, the optimization problem is written as in Equation 2.12.
𝑊 = ∑𝑗 𝐾(𝑥𝑗 , 𝑥𝑗 )𝛽𝑗 − ∑𝑖,𝑗 𝛽𝑖 𝛽𝑗 𝐾(𝑥𝑖 , 𝑥𝑗 )
s. t. 0 ≤ 𝛽𝑖 ≤ 𝐶,

(2.12)

𝑖 = 1, … , 𝑁

To find the test function, first, the distance between an image of the sample and center
of the sphere is found in Equation 2.13.
𝑅 2 = ‖Ф(𝑥𝑗 ) − 𝑎‖

2

(2.13)

Putting Equation 2.4 into Equation 2.13 gives test function named trained kernel
support function (TKSF) as in Equation 2.14.
𝑓(𝑥) ≔ ‖Ф(𝑥) − 𝑎‖2 = 𝐾(𝑥, 𝑥) − 2 ∑𝑗 𝛽𝑗 𝐾(𝑥𝑗 , 𝑥) + ∑𝑖,𝑗 𝛽𝑖 𝛽𝑗 𝐾(𝑥𝑖 , 𝑥𝑗 ) (2.14)
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Radius of the sphere is described in Equation 2.15.
𝑅 = { 𝑓(𝑥𝑖 ) | 𝑥𝑖 is a support vector}

(2.15)

Cluster boundaries are defined as in Equation 2.16.
{ x | R(x) = R }

(2.16)

2.1.2 Cluster Assignment
The cluster assignment algorithm, which does not vary according to the elements in
different clusters, includes a geometric approximation based on the distances from the
center of sphere of the elements in the feature space. This approach is constructed on
the following observation: a line that combines two points in the data space must exit
the sphere in feature space. This is accomplished by the determining points, forming
line that joining two points, randomly extracted from the data set and by comparing
the distance to the center of sphere for each point in the feature space with the radius
of sphere. If a point with a distance greater than the radius is found, it is understood
that these two points are in different clusters and the value that represents these two
points in the adjacency matrix ( A ) is zero. However, if there isn’t any point forming
line has greater distance than radius of sphere, it is understood that these two points
are in the same cluster and the value of the adjacency matrix is set to 1 (Equation 2.17).
All values of the adjacency matrix are found by above-mentioned method. After this
adjacency matrix is determined, cluster assignment process is performed by using the
depth first search (DFS) algorithm.
𝐴𝑖,𝑗 = {

1 if, for all samples on the line combining 𝑥𝑖 and 𝑥𝑗 , 𝑅(𝑦) ≤ 𝑅
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.17)

2.2 Ellipsoidal Support Vector Clustering
This section will describe the ESVC, a more comprehensive version of the SVC.
ESVC also has training and cluster labeling steps similar to SVC. In the training
section, the mapped samples are covered by hyper-ellipsoid instead of a hyper-sphere.
Similar steps are taken with the SVC in the cluster labeling section.
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In ESVC, it is aimed to find a minimum ellipsoid that will contain data samples
mapped to the feature space by Gaussian kernel to obtain more appropriate cluster
shapes in order to improve the performance of the SVC. It is expected that the
calculated clusters will be better suited to the distribution of data. When this ellipsoid
is mapped back into the data space, boundaries that specify the clusters are obtained.
The optimization problem of ESVC is the second-order cone programming problem
(SOCP) and this problem can be solved by primal-dual interior-point solving
techniques.
2.2.1 Training
Each sample in the training data is mapped to a high dimensional feature space by
appropriate kernel function as in Equation 2.18.
𝑥𝑖 ↦ Ф(𝑥𝑖 ) ~ (µФ , 𝛴 Ф ),
µФ :mean vector,

i = 1, … , N,

𝑥𝑖 𝜖ℝ𝑑 ,

Ф(𝑥𝑖 )𝜖ℝ𝑓

(2.18)

𝛴 Ф :covariance matrix

Let 𝑋 Ф is a matrix that contains mapped samples (Ф(𝑥𝑖 )) in its columns. The minimum
feature space (ℝ𝑓 ) ellipsoid that enclose all mapped data is expressed in Equation
2.19.
𝐻(𝑎, 𝑟) = { Ф(𝑥)𝜖ℝ𝑓 |(Ф(𝑥) − 𝑎)𝑇 𝛴 Ф−1 (Ф(𝑥) − 𝑎) = 𝑟 2 }

(2.19)

The optimization problem is defined as Equation 2.20.
min 𝑟 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖

(2.20)

−1
𝑠. 𝑡. √(Ф(𝑥𝑖 ) − 𝑎)𝑇 𝛴 Ф (Ф(𝑥𝑖 ) − 𝑎) ≤ 𝑟 + 𝜉𝑖 , 𝑟 > 0,

𝜉𝑖 ≥ 0,

𝑖=

1, … , 𝑁
Optimization problem needs to rearranged using kernel trick. For this purpose, the
optimization problem is expressed as the dot product of the mapped data. Therefore,
the definitions of mean vector and covariance matrix in the Theorem 1 (Equation 2.21,
2.22) are used (See Appendix A for proof).
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2.2.1.1 Theorem 1
Ф
Ф
Let {Ф(xi )}N
i=1 is mapped data in the kernel space. If µ and Σ can be written as in

Equation 2.21 and Equation 2.22.
1

(2.21)

1

(2.22)

µФ = 𝑁 ∑𝑁
𝑖=1 Ф(𝑥𝑖 )
Ф
Ф 𝑇
𝛴 Ф = 𝑁 ∑𝑁
𝑖=1(Ф(𝑥𝑖 ) − µ )(Ф(𝑥𝑖 ) − µ )

From this definition, the optimal a in the optimization problem (Equation 2.20) will
lie in the span of the data images {Ф(xi )}N
i=1.
The hyper-ellipsoid that contains the data maps is located in the space spanned by
mapped training data. Hence, the center of the hyper-ellipsoid can be written in the
form of linear combinations of data maps (Equation 2.23).
Ф
𝑎 = ∑𝑁
𝑖=1 𝑤𝑖 Ф(𝑥𝑖 ) = 𝑋 𝑤

(2.23)

To represent our problem with using data images, centered kernel matrix 𝐾𝐶 is defined
as in Equation 2.24.
(2.24)

𝐾𝐶 = 𝐾 − 𝐸𝐾 − 𝐾𝐸 + 𝐸𝐾𝐸
1/𝑁
𝐸=[ ⋮
1/𝑁

⋯ 1/𝑁
⋱
⋮ ]
, 𝐾: [𝑁𝑋𝑁] symmetric kernel matrix
⋯ 1/𝑁 [𝑁𝑋𝑁]

Then the Theorem 2 (See Appendix B for Proof) is written as follows.
2.2.1.2 Theorem 2
Let eigen decomposition of the K C is K C = AT ΩA. Then covariance matrix Σ Ф can be
written as in Equation 2.25.
1

𝑇

1

1

𝑇

𝛴 Ф = (𝛺 −2 𝐴𝑋 Ф )𝑇 (𝑁) (𝛺 −2 𝐴𝑋 Ф )
𝑁: number of training samples
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(2.25)

+

As a result of the Theorem 2, the pseudoinverse 𝛴 Ф which is used to estimate the
−

𝛴 Ф is written as in Equation 2.26.
+

𝛴 Ф = 𝑁𝑋 Ф 𝐴𝑇 𝛺 −2 𝐴𝑋 Ф

𝑇

(2.26)

In Equation 2.26 𝛺 −2 parameter means squared inverse of 𝛺.
Using Equation 2.23 and Equation 2.26 into Equation 2.20 gives the Equation 2.27.
min 𝑟 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖

(2.27)

𝑠. 𝑡. ‖√𝑁𝛺 −1 𝐴(𝐾 𝑖 − 𝐾𝑤)‖ ≤ 𝑟 + 𝜉𝑖 ,

𝑟 > 0,

𝜉𝑖 ≥ 0,

𝑖 = 1, … , 𝑁

𝐾 𝑖 is the ith column of kernel matrix.
As mentioned above, the optimization problem is expressed as the dot product of the
mapped data, which is the only way to solve it.
Non-linear constraints in the optimization problem are called second order cone
constraints (SOC). The task of minimizing a linear object with linear and SOC
constraints is called second-order cone problems (SOCP).
Solving convex non-linear optimization problems using the interior-point method
make it possible to solve such problems like our optimization problem (Equation 2.27).
The SOCP problem is solved in the MATLAB environment using the sedumi
optimization tool [63].
When solving the problem, the lagrange coefficients (𝑤𝑖 ) of the few data points are
different from zero, and the points with these coefficients are called support vectors.
Trained kernel support function (TKSF) of ESVC is defined in Equation 2.28.
𝑓(𝑥) = ‖√𝑁𝛺 −1 𝐴(𝐾 𝑥 − 𝐾𝑤)‖

(2.28)

𝐾 𝑥 is kernel column vector between x and training patterns.
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2.2.2 Cluster Assignment
Cluster assignment step is similar with SVC. Determining the cluster boundaries, first
𝑟 is obtained from the solution of the optimization problem, Then the contour levels
which describes distance of each points from the center of the hyper-ellipsoid is
plotted. If distance associated to this boundary is equal to 𝑟, it is our cluster boundaries.

2.3 Kernel Trick
Kernel methods are ones that, by replacing the inner product with positive definite
function, implicitly perform a non-linear mapping of input data into a high dimensional
feature space (Equation 2.10).
Thanks to the kernel functions, the mapping process from this input to highdimensional space is carried out without the need to calculate the non-linear mapping
function. It plays an important role in ESVC. The kernel function is used in the
optimization equation of the ESVC algorithm where the dot product of the data in the
feature space is expressed. This process is achieved by generating a kernel matrix of
𝑁𝑥𝑁 size for a data set with 𝑁 instances. Each element of this kernel matrix shows the
similarity of the data samples corresponding to the row and column number. Until this
time, the Gaussian kernel function has been used with ESVC. The values in the kernel
matrix for Gaussian kernel function refer to the similarity of the data samples in the
feature space to the Gaussian distribution.
Other than the Gaussian kernel function, Cauchy and hyper tangent kernel functions
have been proposed for kernel-based clustering algorithms [64]. However, the ESVC
algorithm was not implemented with another kernel functions other than Gaussian
kernel function. The Gaussian, Cauchy, hyper tangent and Laplacian functions that
meet the requirements of the Mercers theorem are expressed in Equation 2.29, 2.30,
2.31 and 2.32 respectively.
𝐾(𝑥𝑖 , 𝑥𝑗 ) = 𝑒 −𝑞‖𝑥𝑖 −𝑥𝑗‖

2

(2.29)
2

𝐾(𝑥𝑖 , 𝑥𝑗 ) = 1⁄(1 + (𝛽‖𝑥𝑖 − 𝑥𝑗 ‖ ))
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(2.30)

2

𝐾(𝑥𝑖 , 𝑥𝑗 ) = 1 − tanh (𝑞‖𝑥𝑖 − 𝑥𝑗 ‖ )

(2.31)

𝐾(𝑥𝑖 , 𝑥𝑗 ) = 𝑒 −𝑞‖𝑥𝑖 −𝑥𝑗‖

(2.32)
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CHAPTER 3
COMPARISON OF ESVC AND CONVENTIONAL
CLUSTERING ALGORITHMS ON REALWORLD
BIOMEDICAL DATA SETS
The performance comparison of the ESVC algorithm with traditional clustering
algorithms using the Euclidean distance, has been performed. K-means, FCM and
hierarchical clustering algorithms were applied to the biomedical Hepatitis data set
[65]. ESVC algorithm was applied to frmi dataset successfully [10]. However, there
isn’t any study about applying the ESVC to another biomedical data sets in the
literature. Therefore, ESVC and other clustering algorithms were applied primarily on
the ring data set and then applied with biomedical Hepatitis and Parkinsons data set.
Confusion matrix was generated for each clustering algorithm in order to perform
comparative performance analysis. These methods are compared in terms of
specificity, sensitivity and error rate with the help of the confusion matrix (Table 3.1).
All these results are presented together at the end.
Table 3.1 Confusion Matrix

Confusion Positive Negative
Matrix
Predicted Predicted
Positive
TP (True FN (False
Label
Positive) Negative)
Negative FP (False TN (True
Label
Positive) Negative)
In Hepatitis data set, positive class belongs to the people who have Hepatitis disease
(dead) and the negative class belongs to the people who are healthy (in life). In
Parkinsons data set, the positive class belongs to the people who has Parkinson disease
and the negative class belongs to the people who are healthy. The TP refers to the
number of data samples in which the positive data sample is labeled as positive, the
FN positive data sample is labeled as negative, the TN negative data sample is labeled
as negative, and the FP negative data sample is labeled as positive.
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The sensitivity parameter shows how much of the patient's data samples are marked
as patient and the specificity parameter shows how much of the data samples belonging
to healthy people are marked as healthy. The error rate parameter refers to the
percentage of data samples that are labeled incorrectly. The specificity, sensitivity and
error rate parameters are expressed mathematically in Equation 3.1, 3.2 and 3.3.
𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦 =

𝑆𝑒𝑛𝑠𝑡𝑖𝑣𝑖𝑡𝑦 =

𝑇𝑁
𝑇𝑁 + 𝐹𝑃

(3.1)

𝑇𝑃
𝑇𝑃 + 𝐹𝑁

𝐸𝑟𝑟𝑜𝑟 𝑅𝑎𝑡𝑒 =

(3.2)

𝐹𝑁 + 𝐹𝑃
∗ 100
𝑇𝑃 + 𝐹𝑃 + 𝑇𝑁 + 𝐹𝑁

(3.3)

3.1 Experiments on Ring Data Set
The synthetic ring data set contains 200 samples of 2 dimensions. This data set, which
is appropriate for visualizing the clustering process, is shown in Figure 3.1.

Figure 3.1 Ring Data Set.
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K-means, FCM, hierarchical and ESVC algorithms were applied to the ring data set
separately. The best result is obtained by dividing the data set into 4 groups and the
visual results are shown in Figures 3.2, 3.3, 3.4, 3.5. Detailed analysis is given in Table
3.2.

Figure 3.2 k-means on Ring data set with k = 4

Figure 3.3 FCM on Ring data set with k = 4
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Figure 3.4 Hierarchical algorithm on Ring data set

Figure 3.5 ESVC on Ring data set using Gaussian kernel with σ = 0.5
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Table 3.2 Detailed Results with Ring Data Set

Num. of Cluster
/
Misclassification
Rate (%)
K=2
∗ 𝜎 = 0.82
K=3
∗ 𝜎 = 0.811
K=4
∗ 𝜎 = 0.5

Clustering Algorithm
k-means

FCM

Hierarchical

ESVC

50

50

50

50

25

25

25

25

2.5

2.5

0

0

From the results when k = 4, ESVC and hierarchical algorithms clustered the ring data
without error but, k-means and FCM algorithms has 2.5% error.

3.2 Experiments on Real Biomedical Data Set
The real-world data sets consist of multidimensional data samples. Each measurement
may be expressed at different values and hence at different intervals. For example, in
biomedical datasets, the age feature corresponds to a value ranging from 1 to 100,
while the values of some substances in the blood are expressed in values from 0 to 5.
Giving this kind of data whose features at different intervals, directly to the system
may cause an error during the optimization phase. To avoid this problem, mean
normalization, and feature scaling processes must be applied to the feature vectors to
ensure that the data samples are in similar scale (usually in the range of 0-1). In
addition, categorical feature vectors should be given to the system by converting them
to the one-hot encoding format. One-hot encoding is made by generating individual
attribute vectors for each feature, in which only categorical feature 1 and other
categorical properties 0. In this study, all of these processes were applied in the
preparation of data sets.
3.2.2.1 Hepatitis Data Set
The Hepatitis data set consists of data samples taken from Hepatitis and healthy
individuals. Therefore, the data set contains two groups. This is expressed by a vector
with binary elements. As previously described, the parameter specifying the number
of cluster does not need to be defined for the ESVC algorithm. Instead, the kernel
20

parameter handles this issue. In addition, since clustering algorithms are unsupervised
approaches, as opposed to classification algorithms, this data label vector was not
given to the system.
The Hepatitis data set contains 155 samples of 19 dimensions. In other words, there
are 19 different measurement data from 155 different people in this data set. There are
also 13 categorical feature vectors and 6 feature vectors with a value between 6 and 8
in the data set. The information of each feature in the Hepatitis data set is shown in
Table 3.3.
Table 3.3 Hepatitis Data Set

Name of
Feature
Age

Value of
Feature
10, 20, 30, 40,
50, 60, 70, 80
Male, Female

Gender
Steroid
Antivirals
Fatigue
Malaise
Anorexia
Liver big
Liver firm
Spleen Palpable
Spiders
Ascites
Varices
Bilirubin

Alk Phosphate
Sgot
Albumin
Protime

Histology
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No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
No, Yes
0.39, 0.80,
1.20, 2.00,
3.00, 4.00
33, 80, 120,
160, 200, 250
13, 100, 200,
300, 400, 500
2.1, 3.0, 3.8,
4.5, 5.0, 6.0
10, 20, 30, 40,
50, 60, 70, 80,
90
No, Yes

Confusion matrices that are generated from the application of the conventional kmeans, FCM and hierarchical algorithms used in the literature and the ESVC
algorithm, with the Hepatitis data set are given in Table 3.4, 3.5, 3.6 and 3.7
respectively.
Table 3.4 Confusion matrix obtained by applying k-means with Hepatitis data set

k-means
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
5

14

21

72

Table 3.5 Confusion matrix obtained by applying FCM with Hepatitis data set

FCM
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
6

13

21

72

Table 3.6 Confusion matrix obtained by applying hierarchical algorithm with Hepatitis data set

Hierarchical
Positive
Label
Negative
Label

Positive Negative
Predicted Predicted
5

14

21

72

Table 3.7 Confusion matrix obtained by applying ESVC with Hepatitis data set

ESVC
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
6

13

9

84

The best TN and TP values were obtained as 84 and 6, respectively, according to the
confusion matrices obtained from the ESVC clustering algorithm.
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3.2.2.2 Parkinsons Data Set
Another data used in the study is the Parkinsons data set. It was generated by Max
Little from the University of Oxford at the national voice and speech center by taking
the speech signals of patients in Denver, the capital of the Colorado state. The data set
includes a series of biomedical sound measurements from individuals with healthy and
Parkinson disease. Therefore, the number of cluster that should be reached by
clustering is two. The Parkinsons data set contains 22 dimensional 197 samples. Each
attribute is a specific sound metric and each data sample corresponds to 197 audio
tracks. Table 3.8 shows the details of the Parkinsons data set.
Table 3.8 Parkinsons Data Set

Name of Feature

Description of Feature

MDVP:Fo(Hz)

Average vocal
fundamental frequency
Maximum vocal
fundamental frequency
Minimum vocal
fundamental frequency
Several measures of
variation in fundamental
frequency

MDVP:Fhi(Hz)
MDVP:Flo(Hz)
MDVP:Jitter(%),
MDVP:Jitter(Abs),
MDVP:RAP,
MDVP:PPQ,
Jitter:DDP
MDVP:Shimmer,
MDVP:Shimmer(dB),
Shimmer:APQ3,
Shimmer:APQ5,
MDVP:APQ,
Shimmer:DDA
NHR,HNR

RPDE,D2
DFA
spread1,
spread2,
PPE

Several measures of
variation in amplitude

Two measures of ratio of
noise to tonal components
in the voice
status
Two nonlinear dynamical
complexity measures
Signal fractal scaling
exponent
Three nonlinear measures
of fundamental frequency
variation
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Confusion matrices that are generated from the application of the conventional kmeans, FCM and hierarchical algorithms used in the literature and the ESVC
algorithm, with the Parkinsons data set are given in Table 3.9, 3.10, 3.11 and 3.12
respectively.
Table 3.9 Confusion matrix obtained by applying k-means with Parkinsons data set

k-means
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
74

73

0

48

Table 3.10 Confusion matrix obtained by applying FCM with Parkinsons data set

FCM
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
84

63

1

47

Table 3.11 Confusion matrix obtained by applying hierarchical algorithm with Parkinsons data set

Hierarchical
Positive
Label
Negative
Label

Positive Negative
Predicted Predicted
103

44

48

0

Table 3.12 Confusion matrix obtained by applying ESVC with Parkinsons data set

ESVC
Positive
Label
Negative
Label

Positive
Negative
Predicted Predicted
144

3

38

10

According to the confusion matrices obtained from the clustering algorithms applied
in the Parkinsons data set, the best TP value was obtained from the ESVC algorithm
with 144 and the best TN value was obtained as 48 by the k-means algorithm.
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The specificity, sensitivity and error rate parameters which were obtained from
confusion matrices are given in Table 3.13 and Table 3.14, respectively.
Table 3.13 Performance comparison using Hepatitis data set.

Hepatitis

k-means

FCM

Hierarchical ESVC

Sensitivity

0.26

0.32

0.26

0.32

Specificity

0.77

0.77

0.77

0.90

30.35

31.25

19.6

Error Rate
31.25
(%)

As it can be seen in Table 3.13, ESVC gives the best results in terms of sensitivity
(0.32), specificity (0.9) and error rate (19.6).
Table 3.14 Performance comparison using Parkinsons data set.

Parkinsons

k-means FCM

Hierarchical ESVC

Sensitivity

0.5

0.57

0.7

0.98

Specificity

1

0.98

0

0.21

Error
Rate(%)

37.43

32.82

47.18

21.02

Likewise, ESVC gives the best results in terms of sensitivity (0.98) and error rate
(21.02) given in Table 3.14. However, k-means algorithm has the best specificity (1)
value. From the comparisons results above, it has been observed that ESVC algorithm
performs well in terms of error rate, specificity and sensitivity.
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CHAPTER 4
PERFORMANCE ANALYSIS OF ESVC WITH
DIFFERENT KERNELS ON SYNTHETIC DATA SETS
In this chapter, Cauchy, hyper tangent and Laplacian kernel functions are applied along
with the Gaussian kernel function in ESVC. The effects of different kernel functions
on performance have been demonstrated by the implementation of ESVC with a two
dimensional synthetic ring data sets.

4.1 Gaussian Kernel
The relation between kernel argument 𝜎 and 𝑞 parameter for Gaussian kernel
(Equation 2.29) is shown in Equation 4.1.
𝑞=

−1

(4.1)

2∗𝜎2

Experimental results with different kernel argument using Gaussian kernel are shown
in Figure 4.1, 4.2, 4.3 and 4.4, respectively.

Figure 4.1 ESVC on Ring data set using Gaussian kernel with σ = 0.5
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Figure 4.2 ESVC on Ring data set using Gaussian kernel with σ = 0.811.

Figure 4.3 ESVC on Ring data set using Gaussian kernel with σ=0.82.

Figure 4.4 ESVC on Ring data set using Gaussian kernel with σ = 3
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4.2 Cauchy Kernel
The relation between kernel argument 𝜎 and 𝑞 parameter for Cauchy kernel (Equation
2.30) is expressed in Equation 4.2.
𝛽=

1
𝜎2

(4.2)

Experimental results with different kernel argument using Cauchy kernel is shown in
Figure 4.5, 4.6, 4.7 and 4.8, respectively.

Figure 4.5 ESVC on Ring data set using Cauchy kernel with σ = 0.9

Figure 4.6 ESVC on Ring data set using Cauchy kernel with σ = 1.04
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Figure 4.7 ESVC on Ring data set using Cauchy kernel with σ = 1.09

Figure 4.8 ESVC on Ring data set using Cauchy kernel with σ = 3

4.3 Hyper Tangent Kernel
The relation between kernel argument 𝜎 and 𝑞 parameter for hyper tangent kernel
(Equation 2.31) is shown in Equation 4.3.
𝛽=

1

(4.3)

2∗𝜎2

Experimental results with different kernel argument using hyper tangent kernel are
shown in Figure 4.9, 4.10, 4.11 and 4.12, respectively.
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Figure 4.9 ESVC on Ring data set using hyper tangent kernel with σ = 0.4

Figure 4.10 ESVC on Ring data set using hyper tangent kernel with σ = 0.5

Figure 4.11 ESVC on Ring data set using hyper tangent kernel with σ = 0.7
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Figure 4.12 ESVC on Ring data set using hyper tangent kernel with σ = 5

4.4 Laplacian Kernel
The only difference between Laplacian and Gaussian kernel is that; Laplacian kernel
uses distance between samples instead of square of the distance. The relation between
kernel argument 𝜎 and 𝑞 parameter for Laplacian kernel (Equation 2.32) is shown in
Equation 4.4.
𝑞=

−1

(4.4)

2∗𝜎2

Experimental results with different kernel argument using Laplacian kernel are shown
in Figure 4.13, 4.14, 4.15, 4.16 and 4.17, respectively.

Figure 4.13 ESVC on Ring data set using Laplacian kernel with σ = 0.6
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Figure 4.14 ESVC on Ring data set using Laplacian kernel with σ = 0.7

Figure 4.15 ESVC on Ring data set using Laplacian kernel with σ = 0.8

Figure 4.16 ESVC on Ring data set using Laplacian kernel with σ = 0.9

32

Figure 4.17 ESVC on Ring data set using Laplacian kernel with σ = 4

The ring data set is clustered without error by giving a value of 0.5 to the variance
parameter of Gaussian kernel function by ESVC in section 4.1. In the literature, ESVC
has been successfully applied with the Gaussian function in many studies, so this is an
expected result.
This data set was classified without error by giving the 0.9 to the variance parameter
of Cauchy kernel function by ESVC in section 4.2. The Cauchy and hyper tangent
kernel function was implemented with the hybrid k-means algorithm [64], but it was
not previously implemented with the ESVC algorithm. In addition, as the variance
value of the Cauchy kernel function increases, it is seen that some classes are combined
and the data set is divided into fewer groups. Similar to the Gaussian and Cauchy
kernel functions, the ring data set is also classified as error-free by selecting the value
of the variance parameter as 0.4 with the hyper tangent kernel function. The ring data
set clustered with ESVC using the Laplacian kernel function, but it was not as
successful as other kernel functions. There are some distortions in the middle cluster.
In addition, as the variance value increased, some classes were combined and the data
set was divided into fewer groups for all of the kernel functions.
It is observed that Cauchy and hyper tangent functions can be used as an alternative to
Gaussian kernel for ESVC.
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CHAPTER 5
CONCLUSION
In this study, the kernel-based ESVC algorithm was analyzed with synthetic and realworld datasets. In contrast to the classification algorithms, ESVC takes considerably
attention because of its unsupervised structure. Moreover, it has become more popular
among other classical clustering algorithms by its features for example; it does not
need to parameter that specifies number of cluster and generates cluster boundaries
appropriate to the distribution of the data.
ESVC uses the Mahalanobis distance as a similarity metric so that the algorithm is
appropriate to apply with the data sets which have different variant samples. Despite
the fact that various clustering algorithms (such as k-means, FCM and hierarchical)
have been proposed in the literature for clustering the real Hepatitis dataset, no study
has been found with ESVC. In our study, the ESVC method was applied on the
synthetic ring data set and on the Hepatitis and Parkinsons data sets and then compared
with the k-means, FCM and hierarchical methods in terms of specificity, sensitivity
and error rate.
Ring data set consists of four clusters. For this reason, the best results in the
experiments with the ring data set were obtained by applying the clustering algorithms
with setting the parameter which indicates the number of clusters as four. In this data
set, k-means and FCM algorithms have 2.5%, hierarchical and ESVC algorithm has
0% error.
Hepatitis and Parkinsons data sets have two cluster. The best error rate was obtained
with the proposed ESVC algorithm on the Hepatitis and Parkinsons data set as 19.6%
and 21.02% respectively. In other words, the Hepatitis data set was able to be clustered
with success rate of 80.04% and the Parkinsons data set with a success rate of 79.98%
with the ESVC algorithm.
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In terms of sensitivity, the ESVC algorithm provided the best value in the Hepatitis
and Parkinsons data set by giving 0.32 and 0.98 respectively. While sensitivity of FCM
algorithm in Hepatitis data set is also 0.32. In terms of specificity, the ESVC algorithm
provided the best value in the Hepatitis data set with 0.9, while the best value in the
Parkinsons data set was obtained by the k-means algorithm with 1.
Until now, the ESVC algorithm was applied only with Gaussian kernel function. The
Gaussian kernel function is used to construct the kernel matrix, which provides the
proximity of the data in feature space. In this study, Cauchy, hyper tangent and
Laplacian, functions were proposed, in addition to the Gaussian function of the ESVC
algorithm. Ring data set have been clustered using Cauchy, hyper tangent functions
without error. No satisfactory results were obtained when using the Laplacian function.
Future studies may be about, applying ESVC algorithm on other biomedical data sets
and automatically determining variance parameter of the kernel function of ESVC.
Also, Cauchy and hyper tangent functions can be used in future studies as an
alternative to Gaussian kernel function for ESVC algorithm.

35

APPENDICES
Appendix A – Proof of Theorem 1
Assume 𝑎 = 𝑎𝑝 + 𝑎𝑞 , where 𝑎𝑝 is the projection of 𝑎 in the vector space spanned by
all kernel maps, and 𝑎𝑞 is the perpendicular component to this vector space. Then the
optimization problem in the ESVC model is defined in Equation A.1.
min 𝑟 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖
𝑇

−1
𝑠. 𝑡. √(Ф(𝑥𝑖 ) − 𝑎𝑝 − 𝑎𝑞 ) 𝛴 Ф (Ф(𝑥𝑖 ) − 𝑎𝑝 − 𝑎𝑞 ) ≤ 𝑟 + 𝜉𝑖 ,

𝑟 > 0,

𝜉𝑖 ≥ 0,

(A.1)

𝑖 = 1, … , 𝑁

According to this assumption, 𝑎𝑞 is orthogonal to Ф(𝑥𝑖 ), and we have the following
Equation A.2.
𝑎𝑞𝑇 Ф(𝑥𝑖 ) = 0

(A.2)
−1

Supported by Theorem 2, 𝛴 Ф

can be represented in terms of 𝑋 Ф as follows (Equation

A.3.).
−1

𝛴Ф

= 𝑁𝑋 Ф 𝐴𝑇 𝛺 −2 𝐴𝑋 Ф

𝑇

(A.3)

Using (Equation A.2) and (Equation A.3), we can easily obtain Equation A.4.
−1

𝑎𝑞 𝑇 𝛴 Ф

= ⃗0

(A.4)

By substituting Equation A.4 into the optimization problem (Equation A.1), we have
Equation A.5.
min 𝑟 + 𝐶 ∑𝑁
𝑖=1 𝜉𝑖
𝑇

−1

𝑠. 𝑡. √(Ф(𝑥𝑖 ) − 𝑎𝑝 ) 𝛴 Ф (Ф(𝑥𝑖 ) − 𝑎𝑝 ) ≤ 𝑟 + 𝜉𝑖
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(A.5)

𝑟 > 0,

𝜉𝑖 ≥ 0,

𝑖 = 1, … , 𝑁

Inspection the difference between the optimization problem (Equation A.1)
and Equation A.5, one can find that 𝑎𝑝 + 𝑎𝑞 = 𝑎𝑝 , 𝑖. 𝑒. , 𝑎𝑞 = 0. This means that the
optimal 𝑎 follows in the vector space spanned by all the training data images.

Appendix B – Proof of Theorem 2
We first recall the expression of the covariance matrix 𝛴 Ф in the kernel space (Equation
B.1.).
𝑇
1
1 Ф Ф𝑇
Ф
Ф 𝑇
𝛴 Ф = 𝑁 ∑𝑁
− 𝑋 Ф ⃗1⃗1𝑇 𝑋 Ф
𝑖=1(Ф(𝑥𝑖 ) − µ )(Ф(𝑥𝑖 ) − µ ) = 𝑁 𝑋 𝑋

(B.1)

The ⃗1 denotes a N-dimensional vector with all components equal to 1/N.
The spectral decomposition of the covariance matrix 𝛴 Ф could be assumed as in the
following form (Equation B.2.).
𝛴 Ф = 𝐵 𝑇 𝑃𝐵

(B.2)

By combining Equation B.1 and Equation B.2, the Equation B.3. holds.
Ф Ф𝑇
Ф𝑇⃗ ⃗ 𝑇 Ф
𝑋
𝑋
−
𝑋
11 𝑋 = 𝐵 𝑇 𝑃𝐵
𝑁
1

(B.3)

Considering the fact that eigenvectors lie in the span of the centered data, then 𝐵 can
be written as linear combination Equation B.4.
𝑇

𝑇

𝐵 = 𝜂 (𝑋 Ф − 𝐸𝑋 Ф )

(B.4)

where E is a N × N matrix with all entries equal to 1/N. Multiplying Equation B.3 by
𝑇

𝑇

𝑋 Ф − 𝐸𝑋 Ф from the left side, and by 𝐵 𝑇 from the right side, respectively, at the
same time, we have Equation B.5.
1
𝑁

(𝐾𝐶 )2 𝜂𝑇 = 𝐾𝐶 𝜂𝑇 𝑃,

(B.5)

37

The 𝐾𝐶 (𝐾𝐶 = 𝐾 − 𝐸𝐾 − 𝐾𝐸 + 𝐸𝐾𝐸) is the centered kernel matrix. Multiplying
Equation B.5 by the pseudoinverse 𝐾𝐶 + from the left side, we have Equation B.6.
1
𝑁

(𝐾𝐶 )𝜂𝑇 = 𝜂𝑇 𝑃

(B.6)

As matrix 𝑃 is diagonal and the centered kernel matrix 𝐾𝐶 could be decomposed as
Equation B.7.
𝐾𝐶 = 𝐴𝑇 𝛺𝐴

(B.7)

The following two equations (Equation B.8., B.9.) can easily be obtained.
1

𝑃 = 𝑁𝛺

(B.8)

𝜂 = 𝜆𝐴

(B.9)

The 𝜆 is some diagonal matrix. Since the eigenvectors of covariance matrix 𝛴 Ф are
orthogonal, we have Equation B.10.
𝑇

𝑇

𝐼 = 𝐵𝐵 𝑇 = 𝜂(𝑋 Ф − 𝐸𝑋 Ф )(𝑋 Ф − 𝑋 Ф 𝐸)𝜂𝑇
= 𝜆𝐴𝐾𝐶 𝐴𝑇 𝜆

(B.10)

= 𝜆𝛺𝜆
From Equation B.10, it is obvious that (Equation B.11)
𝜆 = 𝛺 −1/2

(B.11)

Multiplying Equation B.7 by 𝛺 −1 𝐴 from the left side and 𝐸 from the right side,
respectively, at the same time, we obtain 𝛺 −1 𝐴𝐾𝐶 𝐸 = 𝐴𝐸. Since 𝐾𝐶 is a centralized
matrix, we have 𝐾𝐶 𝐸 = 0. Therefore,
(B.12)

𝐴𝐸 = 0.

From Equation B.4, using Equation B.9, Equation B.11 and Equation B.12, we obtain
Equation B.13.
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𝐵 = 𝛺 −1/2 𝐴𝑋 Ф

𝑇

(B.13)

Considering Equation B.2, Equation B.8 and Equation B.13 together, we finally have
Equation B.14.
1

𝑇

1

1

𝑇

𝛴 Ф = (𝛺 −2 𝐴𝑋 Ф )𝑇 (𝑁 𝛺) (𝛺 −2 𝐴𝑋 Ф )
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(B.14)
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