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ADAPTIVE TRAJECTORY TRACKING CONTROL OF A 6R
SERIAL MANIPULATOR
ABSTRACT
One of the main issues encountered in the industrial manipulator applications is the
control problem. While the conventional PID control method still dominates the
industry, it proves ineffective when some of the kinematic and inertial parameters of
the system are uncertain. The aim of this study is to design a self-tuning PID computed
torque controller for a 6R robot arm and investigate the effectiveness of the self-tuning
adaptive method under such cases. To this end, the control strategy presented here is
tested using a simulation environment written in GNU Octave programming language.
The robot arm is simulated while it carries payloads with unknown inertial parameters
and the results of the adaptive controller are compared with the conventional PID
computed torque controller. Furthermore, all necessary system analyses and their
formulations have been presented including kinematics, robot arm dynamics and
trajectory planning. Results reveal that the self-tuning adaptive controller can
successfully compensate the parametric uncertainties and sustain the system stability
within the same error margin of the conventional PID control method when dynamic
model includes heavy uncertainties.
Keywords: Adaptive control, industrial manipulator, robot arm, computed torque
control.
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ALTI SERBESTLİK DERECELİ BİR SERİ MANİPÜLATÖRÜN
UYARLAMALI DENETİM İLE YÖRÜNGE TAKİBİ
ÖZ
Endüstriyel manipülatör uygulamalarında karşılaşılan ana konulardan biri kontrol
problemidir. Konvansiyonel PID kontrol metodu hala endüstriye hakim olsa da,
sistemin kinematik ve atalet parametrelerinin bazıları belirsiz olduğunda etkisiz
kalmaktadır. Bu çalışmanın amacı, altı serbestlik dereceli bir robot kolu için kendinden
uyarlamalı bir PID denetleyici tasarlamak ve bu gibi durumlarda kendinden uyarlamalı
denetleyici yönteminin etkinliğini araştırmaktır. Bu amaçla, burada sunulan kontrol
stratejisi GNU Octave programlama dilinde yazılmış bir simülasyon ortamı
kullanılarak test edilmiştir. Robot kolu bilinmeyen atalet parametreleri olan yükleri
taşırken simüle edilmiş ve uyarlamalı denetleyicinin sonuçları, konvansiyonel PID
hesaplamalı tork denetleyiciyle karşılaştırılmıştır. Ayrıca, tüm gerekli sistem analizleri
(robot kinematiği, robot kolu dinamiği ve yörünge planlaması) ve bunların
formülasyonları sunulmuştur. Sonuçlar kendinden uyarlamalı denetleyicinin,
parametrik belirsizlikleri başarıyla telafi edebileceğini ve dinamik model ağır
belirsizlikler içerdiğinde, geleneksel PID kontrol yöntemiyle aynı hata payı içinde
sistem kararlılığını koruyabileceğini ortaya koymuştur.
Anahtar Kelimeler: Uyarlamalı denetim, endüstriyel manipülatör, robot kolu,
hesaplamalı tork denetleyici.
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CHAPTER 1
INTRODUCTION
1.1

Manipulator Definition

Industrial manipulators are defined as automatic controlled, reprogrammable,
multipurpose machines with at least three controllable axes which uses the data it
obtains from the environment to perform various tasks. Main advantageous of the
industrial manipulators, compared to the other automatic machines, are high range of
joint motion, fast movement and sensory capabilities. Considering these advantageous,
it is possible to say that industrial manipulators enabled the automation of complicated
tasks with a higher production rate.
An industrial manipulator is mainly composed of two subsystems: mechanical and
control units. Mechanical unit consists of robot links, actuators, and power
transmission systems. From a mechanism point of view, robot links of an industrial
manipulator represent an open serial kinematic chain. This kinematic chain generally
designed to imitate the motion of the human arm, and for this reason, industrial
manipulators are also referred as robot arms in the literature. The motion of the human
arm is imitated by dividing the mechanical system into arm and wrist subassemblies.
The function of these subassemblies are to position and to orient the end-effector in a
desired way. It is possible to categorize the robot arms depending on the kinematic
pairs used in the arm subassembly. Figure 1.1 illustrates some of these arm
subassemblies. The axes of robot arm are generally actuated using AC and DC motors.
Manipulator joints generally require power transmission systems in order to reduce the
motor output velocity due to high angular velocity output of these motors. The
conventional way of power transmission systems is to use of gear trains. Nowadays,
the latest advancements in this area enabled the use of hyper and direct drive power
transmission systems in the robot arms. The control unit includes microprocessors,
microcontrollers, sensors and any electrical hardware required to control the
manipulator. The microprocessors are used to compute necessary control parameters
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using the information gathered from the sensors and microcontrollers generate control
signals which servo the actuators. A robot arm functions in the desired way with the
collaborative working of these subsystems.

Figure 1.1 Various manipulator categories [1]

Although industrial manipulators are initially designed to serve as means of handling
biohazardous materials like nuclear and chemical waste, their application areas are
wider at the present time. Some of the areas of application are:


Assembly, welding and painting operations in automotive industry,



Pharmaceutical production in accordance with high quality standards,



Weaving, fabric cutting and painting in textile industry,



Landmine searching and bomb disposal in military operations.
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1.2

Problem Definition

One of the main problems encountered in the study of industrial manipulators is the
robot control problem. The goal in the manipulator applications is to make the end
effector to follow a desired trajectory. To this end, many control methods have been
proposed and applied to the industrial manipulators. One of the earliest method is the
classical PID control and it is still used extensively in the industry due to its easy
implementation. Moreover, the classic PID control theory is easier to grasp than its
counterparts and PID parameters has clear effects on the system performance. As a
result, PID controllers are also preferred for their easy tuning according to required
system performance.
PID controllers require a precise knowledge of the system dynamics and prove
ineffective when there are unknown parameters in the dynamic model. These unknown
parameters may appear in the form of mass, inertia and link length. Under such
circumstances, adaptive controllers can be preferred to replace conventional PID
controllers. Adaptive control methods enable the system to adapt with changing system
parameters and working conditions. This means that the formulation requires an
additional error compensation scheme besides the position and velocity error
compensation. One way to achieve this additional error compensation is to use well
established adaptive control techniques like model reference adaptive control. Another
way is modifying conventional PID controllers to yield the required parameter error
compensation. In this study, we shall focus on the self-tuning adaptive PID computed
torque control of a 6R serial robot manipulator.
Although, the core of this study is related to adaptive control, it is not possible to
perform this task without formulating the kinematics, dynamics and trajectory
planning of the robot arm. As a result, subsequent chapters will also introduce related
solutions to these problems as well.

1.3

Manipulator Description

Presented formulations for the kinematics, dynamics and trajectory planning are
applicable to any 6R robot manipulator. However, these formulations are applied to a
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commercially available manipulator in order to make our analyses more realistic. This
section introduces the robot manipulator and necessary system parameters for
analyses.
IRB120 is a serial robot manipulator manufactured by ABB Robotics which was first
introduced to the market in the year 2009. The manipulator weighs 25 kg in total and
it has a 0.58 m reach. The compact structure and light weight of the robot makes it the
smallest manipulator available in the ABB Robotics’ inventory. Intended areas of
application include fast pick and place operations in the food and beverage industry,
welding operations in electronics industry and also medical and research sectors.
The manipulator has six degrees of freedom and six links of the robot are connected
with six revolute joints in a serial fashion. When six links of the manipulator are
combined, the robot arm can access all possible positions and orientations in the three
dimensional work space within a reasonable tolerance limit. The robot has a position
repeatability of 0.01 mm. In the following figure the robot structure with its six axes
of rotation is given.

Figure 1.2 Rotation axes of IRB120
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Control applications considered in this study fall under the class of computed torque
control methods, and these type of control strategies require good knowledge of the
system parameters. However, inertial parameters of the robot arm are not readily
available. To overcome this problem, CAD files supplied by the manufacturer were
used to estimate the inertial parameters. Following table gives the inertial parameters
and location of the center of mass of each link. These parameters are expressed relative
to Denavit-Hartenberg (D-H) coordinate systems, and this concept will be explained
in the kinematics chapter.
Table 1.1 Inertial parameters of IRB120

Link
number
1
2
3
4
5
6

𝒎 (kg)

𝑰𝒙𝒙 (kg∙m2 ) 𝑰𝒚𝒚 (kg∙m2 ) 𝑰𝒛𝒛 (kg∙m2 ) 𝒓𝒙 (m) 𝒓𝒚 (m) 𝒓𝒛 (m)

3.067
3.909
2.944
1.448
0.547
0.844

0.02238
0.02598
0.01444
0.01429
0.00082
0.00254

0.01045
0.17164
0.01867
0.00033
0.00089
0.00131

0.02257
0.15289
0.00900
0.01271
0.00041
0.00125

0
-0.169
-0.012
0
0
0

0.052
0
0.008
0.076
0
0

0
0
0.023
0.005
0
-0.086

Another important system parameter is working range of the robot arm. Although the
robot has a 0.58 m reach, it cannot access every position within a sphere shaped work
space located at the base of the robot. First five joints have motion restrictions and
cannot fully rotate due to mechanical constraints. These mechanical constraints must
be taken into consideration in trajectory planning. If the manipulator is instructed to
reach a position which violates these constraints, motor and structural units of the robot
may be damaged. Following table lists working range of each joint.
Table 1.2 Types and ranges of motion of joints

Joint number
1
2
3
4
5
6

Type of motion
Rotation motion
Arm motion
Arm motion
Wrist motion
Bend motion
Turn motion
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Motion range
+165 to -165
+110 to -110
+70 to -110
+160 to -160
+120 to -120
+400 to -400

1.4

Literature Review

The most common kinematic formulation for manipulators encountered in the
literature is D-H representation. The method uses body attached coordinate frames and
homogeneous transformation matrices to express the position and orientation of each
manipulator link [2]. Another possible way of obtaining kinematic representation is
based on screw theory [3]. Screw theory based methods use screw transformations to
represent the body rotation and translation. While D-H representation is efficient in
the forward kinematic calculations, screw theory based methods present more robust
inverse kinematic solutions [4].
There are various analytical, numerical and soft-computing solution methods available
in the literature regarding the inverse kinematics problem. If the robot structure gives
a closed form solution, analytical methods will yield the fastest result. This is the
reason that most of the manipulators are designed to give a closed form solution. For
example, manipulators having Euler wrist structure (three joint axes forming the wrist
intersect at a common point) will always have a closed form solution [5]. One of the
analytical solution methods is to use the robot geometry. Trigonometric functions
resulting from the geometric projection of the robot structure can be used to obtain the
desired angular positions [6]. Another analytical solution method is the use of
algebraic manipulation on the equations resulting from the kinematic model. One such
method which utilizes vector analysis theory and dual-number algebra can be found in
[7]. However, the analytic methods become insufficient in the analysis of manipulators
which does not yield a closed form solution. In such cases, numerical methods can be
utilized. Unlike analytical methods, their numerical counterparts use iterative
procedures to converge the results. Most numerical methods applied in the inverse
kinematics problem differ in solution methods. It is possible to apply known numerical
solution methods to set of nonlinear equations such as Gauss-Newton [8], cyclic
coordinate descent [9], and inverse jacobian [10]. Yet, the numerical methods lack
speed and, the solution might not converge for all possible configurations in complex
mechanisms. Also, they are known to perform poorly around the singular points of the
manipulator. In recent years, the focus of the study in inverse kinematics shifted
towards soft computing methods. Soft computing can be roughly defined as the
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deduction of input and output relations in a complex system via approximate
calculations. The methods include artificial neural networks (ANN) [11], adaptive
neuro-fuzzy inference system (ANFIS) [12], and genetic algorithm [13]. Although,
ANN and ANFIS gives sufficiently fast results, they suffer from accuracy. Also,
optimization algorithms are similar to the numerical methods which come with a heavy
computation cost.
Dynamic equations which govern the manipulator motion are needed for the control
method. These equations can be obtained by using well-established mechanic
principles. There are formulations in the literature based on Lagrangian mechanics
[14], d’Alembert’s principle [15] and Newtonian mechanics [16]. Essentially,
resulting equations of motion from all of these methods describe the same dynamic
behavior and the only difference is in the structure of the equations. As a result, the
computation cost of each method will be different. Although, it is hard to sort these
methods according to speed due to the dependency of the computation cost on the
kinematic representation used, it is possible to say that recursive formulations
generally yield faster results. A comparison of computation efficiency of these
methods is given in [17].
Robot trajectories has to be planned beforehand in order to safely move the robot links.
There are two main trajectory formulations encountered in the literature. Trajectories
can be planned either in the joint variable space or in the cartesian space. There are
basic and practical design considerations regardless of the method. For instance, the
robot should be moving in the designated actuator limits without causing actuator
saturation, and this can be achieved only via smooth trajectories which allow easy
acceleration and deceleration. For this purpose, some of the joint variable space
trajectories given in the literature are planned using cubic, and higher degree
polynomials [18-19]. It is worth to mention that any two dimensional curve definition
can be used for joint-variable space trajectories. As for the cartesian space trajectories,
the trajectory is planned in cartesian space either with a parametric space curve or by
interpolating the desired knot points. If the desired trajectory has an exact
mathematical representation, i.e. straight line segment, parametric representation of
curves can be used for trajectory planning [20]. If the end-effector is required to pass
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through arbitrary points, these knot points can be interpolated using cubic B-splines
[21]. The nature of trajectory planning corresponds to an optimization problem
because the trajectory is planned for minimum energy, minimum time or both. As a
result, the focus of the studies has shifted towards trajectory optimization. There are
studies which uses search algorithms like genetic algorithm [22]. These methods also
take the system dynamics into consideration and seeks the optimal path. An extensive
review on the optimal robot trajectory planning is given in [23].
Although PID control is the oldest control technique encountered in the literature, it is
still the most common method used in the industry with combination of the modern
control techniques [24]. It is a proven fact that there exists PID parameters which
ensures the trajectory tracking when the initial error of the system is sufficiently
enough. In other words, local stability of PID controllers in the sense of Lyapunov is
proven [25]. Local stability can be said to be the basic level of stability and there are
various studies which aims to improve the stability of PID controllers using Lyapunov
stability theory. To this end, Arimato and Miyazaki proposed a PID controller for robot
manipulators which ensures the local asymptotic stability [26]. The results of Arimato
and Miyazaki was improved using a modified Lyapunov function candidate and the
local exponential stability was obtained [27]. Furthermore, Qu and Dorsey proposed a
robust feedback control law with a uniform and ultimate bounded error system and
they proved with sufficiently high PID gains global asymptotic stability of the system
can be achieved [28]. It is worth to note that the stability theory does not necessarily
concern with the system performance. For instance, a system may be asymptotically
stable but the convergence time can be unacceptably high. Unfortunately, there is not
a general strategy which can be applied for every manipulator because the closed loop
characteristic of every manipulator type is different and the performance requirements
depend on the application. To tackle this issue, Li and Yu proposed an iterative method
which uses linearization to approximate the closed loop response of the system [29].
Since the nature of the problem is based on trial and error, there are also tuning
techniques which utilizes the genetic algorithm to search for the optimum PID
parameters required for the system performance [30].
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From a control perspective, an adaptive mechanism can be roughly defined as
controllers which allow the system to adjust itself against environmental changes and
unknown system parameters. There are mainly two major techniques regarding the
adaptive control of robot manipulators: model reference adaptive control(MRAC) and
self-tuning regulator(STR). MRAC based adaptation methods compare an ideal
reference model response with the actual system response to adapt the system
behavior. The general MRAC control scheme is given in Figure 1.3.

Figure 1.3 General MRAC scheme [35]

One of the first MRAC for robot manipulators was proposed by Dubowsky and
Desforges [31]. Their method utilizes local parametric optimization theory with
steepest descent method and the controller is proved to achieve local asymptotic
stability. However, the method presented by Dubowsky and Desforges disregards the
nonlinear coupling effects in the dynamic equation due to simplifications required in
the steepest descent method and this means the adaptation becomes unstable when
manipulator is required to move with high speeds. An improvement to this study was
later presented to cover the nonlinear part of the dynamic equation by Horowitz and
Tomizuka [32]. Their method combines MRAC with hyper-stability theory. There are
also MRAC based techniques which uses Lyapunov’s stability theory. Takegaki and
Arimoto proposed an adaptive controller with a non-adaptive gravity compensation
[33]. The exclusion of gravity compensation from the adaptation law resulted in a
faster algorithm. However, their simulation results indicate that the simplification in
9

the adaptation rule leads to a less accurate trajectory tracking. Tso et al. proposed a
method which combines MRAC with variable structure theory [34]. Their method also
includes nonlinearities within the system dynamics and the controller tuning was
performed according to transient response specifications. This is also another way of
improving the controller presented in [31]. The theory of MRAC is well established
and there are rarely new studies in the literature. An extensive review on these types
of controllers for industrial manipulators can be found in [35].

Figure 1.4 General STR scheme [36]

Unlike MRAC based approaches, STR based methods use various online parameter
estimation techniques which directly utilizes the system error. The general STR control
scheme can be seen in Figure 1.4.
The STR based adaptive controllers encountered in the literature differs in the
parameter estimation method and control strategy. One of the earliest STR for
industrial manipulators uses a recursive least square error criterion in order to estimate
unknown parameters [36]. In this method, the adaptation law does not require any prior
knowledge of the unknown parameters and use of recursive algorithm enables real
time control applications. Craig et al. proposed an adaptation scheme which can be
said to be one of the earliest adaptive computed torque controller [37]. Their method
used Lyapunov’s stability theory to formulate the adaptation law and the controller has
proved to achieve global asymptotic stability in adaptation. However, the method
suffers from two major drawbacks: the boundaries of unknown parameters has to be
established and the controller needs acceleration measurements. Later, an
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improvement to this controller was introduced and the same adaptation law proved to
be successful without the acceleration measurements [38]. Another important
parameter estimation technique is fuzzy logic based parameter estimation. Kelly et al.
presented a self-tuning adaptive computed torque controller with a fuzzy adaptation
law [39]. Their approach was proved to guarantee local asymptotic stability and
experimental results agreed with the theory. Llama et al. presented a gain scheduling
fuzzy controller and successfully demonstrated the uniform asymptotic stability of
their controller [40]. In the more recent studies, the focus of the study shifted towards
adaptive neural network control of robot manipulators. One such study which
combined the conventional computed torque controller with online neural network
based gain tuning to achieve a better trajectory tracking is given in [41].

1.5

Thesis Layout

The structure of this study is organized as follows:


In Chapter 2, the necessary kinematic formulations for IRB120 arm will be
obtained.



Chapter 3 will introduce the equation of motion for serial manipulators.



In Chapter 4, the necessary trajectories for the control application will be
formulated and generated.



Chapter 5 will highlight the important points in PID computed torque control
method. Then, PID controller will be improved and an adaptive computed
torque controller for IRB120 robot arm will be formulated.



The simulation results for kinematics, dynamics, trajectory generation and
adaptive control will be given in Chapter 6.



Finally, Chapter 7 will conclude this study with a summary and suggestions for
future work.
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CHAPTER 2
KINEMATICS
2.1

Introduction

In the robot control applications, the ultimate objective is to control joint inputs so that
the robot end will track a desired trajectory with the desired orientation. Thus, it is
required to formulate a mathematical model which represents the kinematic relation
between the joint and cartesian spaces. In general, kinematics problem can be defined
as the study of the motion regardless of forces and moments which causes movement.
In robot studies, this problem consists of two parts, namely forward and inverse
kinematics. Forward kinematics is the study of determining link positions and
orientations for a given set of joint angular positions. Similarly, inverse kinematics
problem is the determination of joint angular positions which will position and orient
the end effector in the desired way. These two concepts form the basis of the
mathematical representation of the robot geometry and they must be addressed before
trajectory planning.

2.2

Kinematic Representation

Although, there are numerous approaches regarding the kinematic representation of
robot manipulators, we shall use the formulation presented by Denavit and Hartenberg
[2]. Their method utilizes body attached coordinate frames to express the position and
orientation of each robot link relative to a common base frame. Furthermore, the
mapping between frames is obtained via homogeneous transformation matrices. For
the sake of brevity, the formulation for the homogeneous transformation matrices is
omitted and the details can be found in [1]. Figure 2.1 illustrates the established D-H
link coordinate system on the manipulator’s CAD model and in the simulation
environment.
Normally, it would require six parameters to fully describe the state of an object in
three dimensional space; three for position and another three for orientation. However,
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when properly set, D-H representation enables us to define the position and orientation
of each link using only four parameters. After establishing the coordinate systems, the
structure of the robot can be represented with these four D-H parameters associated
with each link: the joint angle (𝜃𝑖 ), link length (𝑑𝑖 ), offset distance (𝑎𝑖 ), and twist angle
(𝛼𝑖 ). Table 2.1 gives the D-H parameters associated with each link.
Table 2.1 IRB 120 robot arm D-H parameters

Joint 𝒊
1
2
3
4
5
6

𝜽𝒊 (deg)
90
-90
0
0
0
0

𝜶𝒊 (deg)
-90
0
-90
-90
90
0

𝒂𝒊 (mm)
0
270
70
0
0
0

𝒅𝒊 (mm)
124
0
0
302
0
72

Joint range (deg)
+165 to -165
+110 to -110
+70 to -110
+160 to -160
+120 to -120
+400 to -400

Figure 2.1 D-H link coordinate system

2.3

Forward Kinematics

Let 𝑎𝑖 , 𝛼𝑖 , 𝑑𝑖 , and 𝜃𝑖 be the D-H parameters of link 𝑖, then a joint to joint homogeneous
transformation matrix

𝑖−1

𝑨𝑖 which maps the coordinates from link 𝑖 − 1 to link 𝑖 can

be defined as [2]:

13

𝑖−1

𝑨𝑖 =

cos 𝜃𝑖

− cos 𝛼𝑖 sin 𝜃𝑖

sin 𝛼𝑖 sin 𝜃𝑖

𝑎𝑖 cos 𝜃𝑖

sin 𝜃𝑖

cos 𝛼𝑖 cos 𝜃𝑖

sin 𝛼𝑖 cos 𝜃𝑖

𝑎𝑖 sin 𝜃𝑖

0

sin 𝛼𝑖

cos 𝛼𝑖

𝑑𝑖

0

0

1

[ 0

(2.1)
]

Then, the kinematic equation of the manipulator which fully describes the position and
orientation of every link with respect to a base coordinate system can be expressed by
the successive joint to joint mapping of adjacent links.

𝑖
0

𝑻𝑖 = ∏ 𝑗−1𝑨𝑗 , for 𝑖 = 1, 2, … , 𝑛

(2.2)

𝑗=1

For easy calculation, it is possible to represent the same formula by dividing it into
two calculation steps. Let 𝑻1 = 0𝑨1 1𝑨2 2𝑨3 and 𝑻2 = 3𝑨4 4𝑨5 5𝑨6 . After successive
mappings of the respective joints, 𝑻1 and 𝑻2 becomes:

𝑻1 =

𝐶1 𝐶23

𝑆1

−𝐶1 𝑆23

𝐶1 (𝑎2 𝐶2 + 𝑎3 𝐶23 )

𝑆1 𝐶23

−𝐶1

−𝑆1 𝑆23

𝑆1 (𝑎2 𝐶2 + 𝑎3 𝐶23 )

−𝑆23

0

−𝐶23

𝑑1 − 𝑎2 𝑆2 − 𝑎3 𝑆23

0

0

1

[ 0

(2.3)
]

−𝐶4 𝐶5 𝑆6 − 𝑆4 𝐶6

𝐶4 𝑆5

𝑑6 𝐶4 𝑆5

𝑆4 𝐶5 𝐶6 + 𝐶4 𝑆6

−𝑆4 𝐶5 𝑆6 + 𝐶4 𝐶6

𝑆4 𝑆5

𝑑6 𝑆4 𝑆5

−𝑆5 𝐶6

𝑆5 𝑆6

𝐶5

𝑑4 + 𝑑6 𝐶5

0

0

0

1

𝑻2 =

𝐶4 𝐶5 𝐶6 − 𝑆4 𝑆6

[

(2.4)
]

where 𝐶𝑖 = cos 𝜃𝑖 , 𝑆𝑖 = sin 𝜃𝑖 , 𝐶𝑖𝑗 = cos(𝜃𝑖 + 𝜃𝑗 ), and 𝑆𝑖𝑗 = sin(𝜃𝑖 + 𝜃𝑗 ). Finally,
the orientation and the position of the end-effector with respect to base coordinate
frame can be expressed as:
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0

𝑻6 = 𝑻1 ∙ 𝑻2

(2.5)

If the operation is carried out further, the mapping between the end-effector and the
base coordinate systems can be represented without any matrix multiplication. Let
normal (𝒏), sliding (𝒔), approach (a), and position (𝒑) vectors given in Figure 2.1
represent the orientation and position of the end-effector coordinate system. Then, the
homogeneous transformation matrix which maps between the end-effector and the
base coordinate systems can be expressed analytically as the following.

0

𝑻6 = [

𝒏

𝒔

0

0

𝑛𝑥

𝑠𝑥

𝑎𝑥

𝑝𝑥

𝑛𝑦
𝒂 𝒑
]=
𝑛𝑧
0 1

𝑠𝑦

𝑎𝑦

𝑝𝑦

𝑠𝑧

𝑎𝑧

𝑝𝑧

[0

0

0

1]

(2.6)

𝐶6 [𝐶5 (𝑆1 𝑆4 + 𝐶1 𝐶23 𝐶4 ) + 𝐶1 𝑆23 𝑆5 ] + 𝑆6 (𝑆1 𝐶4 − 𝐶1 𝐶23 𝑆4 )
𝒏 = [−𝐶6 [𝐶5 (𝐶1 𝑆4 − 𝑆1 𝐶23 𝐶4 ) − 𝑆1 𝑆23 𝑆5 ] − 𝑆6 (𝐶1 𝐶4 + 𝑆1 𝐶23 𝑆4 )]

(2.7)

𝑆23 𝑆4 𝑆6 + 𝐶6 (𝐶23 𝑆5 − 𝑆23 𝐶4 𝐶5 )
𝐶6 (𝑆1 𝐶4 − 𝐶1 𝐶23 𝑆4 ) − 𝑆6 [𝐶5 (𝑆1 𝑆4 + 𝐶1 𝐶23 𝐶4 ) + 𝐶1 𝑆23 𝑆5 ]
𝒔 = [−𝐶6 (𝐶1 𝐶4 + 𝑆1 𝐶23 𝑆4 ) + 𝑆6 [𝐶5 (𝐶1 𝑆4 − 𝑆1 𝐶23 𝐶4 ) − 𝑆1 𝑆23 𝑆5 ]]

(2.8)

𝑆23 𝑆4 𝐶6 + 𝑆6 (𝑆23𝐶4 𝐶5 − 𝐶23 𝑆5 )
−𝐶1 𝑆23 𝐶5 + 𝑆5 (𝑆1 𝑆4 + 𝐶1 𝐶23 𝐶4 )
𝒂 = [−𝑆1 𝑆23 𝐶5 + 𝑆5 (𝑆1 𝐶23 𝐶4 − 𝐶1 𝑆4 )]

(2.9)

−𝐶23 𝐶5 − 𝑆23 𝐶4 𝑆5
𝐶1 (𝑎2 𝐶2 + 𝑎3 𝐶23 − 𝑑4 𝑆23 ) + 𝑑6 [𝑆5 (𝐶1 𝐶23 𝐶4 + 𝑆1 𝑆4) − 𝐶1 𝑆23 𝐶5 ]
𝒑 = [ 𝑆1 (𝑎2 𝐶2 + 𝑎3 𝐶23 − 𝑑4 𝑆23 ) + 𝑑6 [𝑆5 (𝑆1 𝐶23 𝐶4 − 𝐶1 𝑆4 ) − 𝑆1 𝑆23 𝐶5 ] ] (2.10)
𝑑1 − 𝑎2 𝑆2 − 𝑎3 𝑆23 − 𝑑4 𝐶23 − 𝑑6 (𝐶23 𝐶5 + 𝑆23 𝐶4 𝑆5 )
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With the final formulation given for 0𝑻6 , the mapping between the base and the end
effector coordinate systems is achieved and, for a given set of joint angular positions,
the position and orientation of the end-effector can be directly calculated. The mapping
between other joints and the base coordinate system is given in Appendix A.
For simulation purposes, a subroutine named forward.m is written in GNU Octave
programming language. The function takes the D-H parameters and joint angular
positions as input and calculates all six transformation matrices using the forward
kinematics procedure described in this section. Figure 2.2 gives the flow chart which
was prepared to illustrate the forward.m function and the GNU Octave script which
was written using this flow chart can be found in Appendix B.

Figure 2.2 Forward kinematics flow chart
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2.4

Inverse Kinematics

In robotics, the inverse kinematics problem refers to the calculation of joint angular
positions for a given position and orientation of the end-effector. Unlike forward
kinematics, inverse kinematics problem is not straightforward and there is not a
general solution method which is applicable to every manipulator type. Moreover,
depending on the geometric configuration of the manipulator, there might exist
multiple configurations and solutions for a desired position and orientation.
Lee and Ziegler proposed a geometric approach in solving inverse kinematics problem
for PUMA type robots [6]. Their approach utilizes atan2 function by generating two
analytic solutions for every joint, one for sine and another for the cosine of the angle.
The inverse kinematic solution presented here is an extension of their approach for
PUMA type manipulators.
2.4.1

Solution of the First Three Joints

As the manipulator is designed to imitate human arm, the robot configurations are also
defined according to the human arm structure. Four different configurations of IRB120
are defined as:
Above Arm: Position of the end-effector has a positive coordinate in the direction of
𝒚2 axis.
Below Arm: Position of the end-effector has a negative coordinate in the direction of
𝒚2 axis.
Wrist Down: 𝒔 ∙ 𝒚5 > 0
Wrist Up: 𝒔 ∙ 𝒚5 < 0
These four configurations can be implemented into the mathematical formulation
using two operators. The values of these two operators must be assigned for inverse
kinematic solution depending on the desired configuration of the robot arm as the
following.
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+1 , Above arm
𝐸𝐿𝐵𝑂𝑊 = {
−1 , Below arm

(2.11)

+1 , Wrist down
−1 , Wrist up

(2.12)

𝑊𝑅𝐼𝑆𝑇 = {

First, the isolation of the first three joints is needed by eliminating the wrist motion out
of the equation. Since the last two links of the robot always moves parallel to each
other, it is possible to calculate the coordinates of the fourth coordinate system without
considering the wrist solution. Let 𝒑 define the position vector of the relevant
coordinate system and 𝒂 is the desired approach vector for the end-effector. Then, the
coordinates of the fourth coordinate frame, which is also the position vector of the
homogeneous transformation matrix 0𝑻4 , can be expressed as:
𝒑𝟒 = 𝒑𝟔 − 𝑑6 𝒂 = [𝑝𝑥

𝑝𝑦

𝑝𝑧 ]𝑇

(2.13)

Figure 2.3 Above arm (on the left) and below arm (on the right) configurations of IRB120
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2.4.1.1 Joint 1 Solution
The solution for the first joint can be obtained by considering only the first three links
of the robot and projecting the kinematic representation of the robot given in Figure
2.1 onto 𝒙0 𝒚0 plane.

𝜃1 = atan2(𝑝𝑦 , 𝑝𝑥 )

(2.14)

Figure 2.4 Joint 1 solution

The use of 𝑎𝑡𝑎𝑛2 function places the solution to the correct quadrant, and eliminates
the possible complications which may arise from the tangent function.
2.4.1.2 Joint 2 Solution
By following the same procedure, angular position of the second joint can be solved
by projecting the robot arm onto the 𝒙1 𝒚1 plane. Unlike the first joint, there are two
possible arm configurations. From Figure 2.5, following geometric relations can be
obtained,

𝑟 = √𝑝𝑥2 + 𝑝𝑦2

(2.15)

𝑅 = √𝑟 2 + (𝑝𝑧 − 𝑑1 )2

(2.16)
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sin 𝛼 =

𝑝𝑧 − 𝑑1
𝑅

(2.17)

cos 𝛼 =

𝑟
𝑅

(2.18)

cos 𝛽 =

𝑎22 + 𝑅 2 − 𝑎32 − 𝑑42
2𝑎2 𝑅

(2.19)

sin 𝛽 = √1 − cos 2 𝛽

(2.20)

𝛼 = atan2(sin 𝛼 , cos 𝛼)

(2.21)

𝛽 = atan2(sin 𝛽 , cos 𝛽)

(2.22)

Table 2.2 Arm configurations for joint 2 and 3

Configuration
𝜽𝟐
Above Arm
−𝛼 + 𝛽
Below Arm
−𝛼 − 𝛽

𝜽𝟑
𝑬𝑳𝑩𝑶𝑾
𝜋 − 𝜙 − 𝜓 +1
−𝜋 − 𝜙 + 𝜓 -1

The values of 𝐸𝐿𝐵𝑂𝑊 operator in the second and third joint solutions for different
robot configurations are given in Table 2.2. Referring to the values given for the
second joint, 𝜃2 can be expressed as:
𝜃2 = −𝛼 + 𝐸𝐿𝐵𝑂𝑊 ∙ 𝛽

(2.23)

Then, sine, cosine and the actual value of 𝜃2 can be calculated as the following.
sin 𝜃2 = sin(−𝛼 + 𝐸𝐿𝐵𝑂𝑊 ∙ 𝛽)
= − sin 𝛼 cos 𝛽 + 𝐸𝐿𝐵𝑂𝑊 ∙ cos 𝛼 sin 𝛽
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(2.24)

cos 𝜃2 = cos(−𝛼 + 𝐸𝐿𝐵𝑂𝑊 ∙ 𝛽) = cos 𝛼 cos 𝛽 + 𝐸𝐿𝐵𝑂𝑊 ∙ sin 𝛼 sin 𝛽 (2.25)
𝜃2 = atan2(sin 𝜃2 , cos 𝜃2 )

(2.26)

Figure 2.5 Joint 2 solution for above arm (on the left) and below arm (on the right) configurations

2.4.1.3 Joint 3 Solution
The third joint can be solved by projecting the arm of the robot onto 𝒙2 𝒚2 plane.
Similar to the second joint, there are also two possible configurations. Referring to
Figure 2.6, necessary geometric relations can be obtained as:

cos 𝜓 =

𝑎22 + 𝑎32 + 𝑑42 − 𝑅 2

(2.27)

2𝑎2 √𝑎22 + 𝑑42

sin 𝜓 = √1 − cos2 𝛽

(2.28)
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cos 𝜙 =

sin 𝜙 =

𝑎3

(2.29)

√𝑎32 + 𝑑42
𝑑4

(2.30)

√𝑎32 + 𝑑42

𝜓 = atan2(sin 𝜓 , cos 𝜓)

(2.31)

𝜙 = atan2(sin 𝜙 , cos 𝜙)

(2.32)

Using the operator values given in Table 2.2, 𝜃3 can be expressed in terms of the
desired configuration of the robot.

2.4.2

𝜃3 = −𝜙 − 𝐸𝐿𝐵𝑂𝑊 ∙ (𝜋 − 𝜓)

(2.33)

sin 𝜃3 = sin 𝜙 cos 𝜓 − 𝐸𝐿𝐵𝑂𝑊 ∙ cos 𝜙 sin 𝜓

(2.34)

cos 𝜃3 = − cos 𝜙 cos 𝜓 − 𝐸𝐿𝐵𝑂𝑊 ∙ sin 𝜙 sin 𝜓

(2.35)

𝜃3 = atan2(sin 𝜃3 , cos 𝜃3 )

(2.36)

Solution of the Last Three Joints

Thus far, we presented the solution of the first three joints. With this knowledge, it is
possible to calculate the orientation of the third coordinate system. From there, we can
assure that the necessary orientation for the end-effector is also obtained. As it was
suggested in [6], for the desired end-effector orientation following criteria should be
met:
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Figure 2.6 Joint 3 solution for above arm (on the left) and below arm (on the right)

𝒛4 =

±(𝒛3 × 𝒂)
, for joint 4 solution
‖𝒛3 × 𝒂‖

(2.37)

𝒂 = 𝒛5 , for joint 5 solution

(2.38)

𝒔 = 𝒚6 , for joint 6 solution

(2.39)

2.4.2.1 Joint 4 Solution
Depending on the 𝑊𝑅𝐼𝑆𝑇 operator’s value, the desired orientation can be obtained via
setting 𝒛4 vector to either 𝒛3 × 𝒂 or −(𝒛3 × 𝒂). Unfortunately, it is not possible to
determine the sign of 𝒛4 beforehand. Since, the 𝑊𝑅𝐼𝑆𝑇 operator is defined by
comparing the end-effector and fifth coordinate systems, the true sign of the cross
product cannot be determined without referring to this comparison. Furthermore, when
the approach (𝒂) and 𝒛3 vectors are aligned, the cross product of the two vector
becomes zero and the degenerate case occurs. These, complications can be overcome
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by assuming the sign of the cross product as positive and defining another sign
operator.
0
Ω = { 𝒔 ∙ 𝒚5
𝒏 ∙ 𝒚5

degenerate case
if 𝒔 ∙ 𝒚5 ≠ 0
if 𝒔 ∙ 𝒚5 = 0

(2.40)

From Figure 2.1, it can be seen that 𝒚5 and 𝒛4 are always parallel to each other. Also,
using the 𝒛4 definition given above, the sign operator can be redefined as:
0
(𝒛3 × 𝒂)
𝒔∙
‖𝒛3 × 𝒂‖
Ω=
(𝒛3 × 𝒂)
𝒏∙
{ ‖𝒛3 × 𝒂‖

degenerate case
if 𝒔 ∙ (𝒛3 × 𝒂) ≠ 0

(2.41)

if 𝒔 ∙ (𝒛3 × 𝒂) = 0

Table 2.3 Wrist configurations

Wrist Orientation
Down
Down
Up
Up

𝛀
≥0
<0
≥0
<0

𝑾𝑹𝑰𝑺𝑻
+1
+1
-1
-1

𝑴 = 𝑾𝑹𝑰𝑺𝑻 ∙ 𝒔𝒊𝒈𝒏(𝛀)
+1
-1
-1
+1

If the initial sign assumption of the vector cross product is correct, Ω and 𝑊𝑅𝐼𝑆𝑇
operators will have the same sign. As a result, by combining these two operator and
defining a new corrected sign operator 𝑀, true orientation of the wrist can be obtained.
Table 2.3 gives the corrected sign values for all possible configurations.
Using the sign operator 𝑀 and projecting the last three links of the robot onto 𝒙4 𝒛4
plane, fourth joint can be solved.

sin 𝜃4 = −𝑀(𝑧4 ∙ 𝑥3 )

(2.42)

cos 𝜃4 = 𝑀(𝑧4 ∙ 𝑦3 )

(2.43)
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𝜃4 = atan2(sin 𝜃4 , cos 𝜃4 )

(2.44)

Figure 2.7 Joint 4 solution

2.4.2.2 Joint 5 Solution
Using the projection of the wrist onto 𝒙4 𝒚4 frame given in Figure 2.8, it is also possible
to obtain required geometric relations for the fifth joint solution as well.

sin 𝜃5 = 𝒂 ∙ 𝒙4

(2.45)

cos 𝜃5 = −𝒂 ∙ 𝒚4

(2.46)

𝜃5 = atan2(sin 𝜃5 , cos 𝜃5 )

(2.47)

Figure 2.8 Joint 5 solution
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Note that 𝒙4 and 𝒚4 vectors correspond to the 𝑥 and 𝑦 column of the homogeneous
transformation matrix 0𝑻4 . With the knowledge of the first four joint solutions and
using the procedure described in the forward kinematics section, it is possible to
calculate this matrix.
2.4.2.3 Joint 6 Solution
With the solution of the first five joints, the end-effector is on the desired coordinates,
and with the sixth joint solution, the orientation will also be aligned with the desired
orientation. The solution for the last joint can also be obtained by following the same
procedure. Figure 2.9 gives the projection of the wrist onto the 𝒙5 𝒚5 plane, and the
solution for the last joint becomes:

sin 𝜃6 = 𝒏 ∙ 𝒚5

(2.48)

cos 𝜃6 = 𝒔 ∙ 𝒚5

(2.49)

𝜃6 = atan2(sin 𝜃6 , cos 𝜃6 )

(2.50)

Figure 2.9 Joint 6 solution

It is worth to note that when 𝒛3 × 𝒂 = 0, degenerate case occurs. When a desired
position and orientation coincides with the degenerate case, individual values of 𝜃4
and 𝜃6 lose importance and only their sum (𝜃4 + 𝜃6 ) matters. While controlling the
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robot, generally, 𝜃4 is set to its current value and the required rotation is obtained with
the rotation of 𝜃6 only.
Similar to the forward kinematics calculations, inverse kinematics solution is also a
repetitive task. Thus, a subroutine called inverse.m is written in GNU Octave to cover
inverse kinematics solution presented in this study. The function takes the desired
transformation matrix of the end-effector and the desired manipulator configuration to
produce the joint angular positions which will yield the desired state. The flow chart
which describes this operation is given in Figure 2.10 and the GNU Octave script can
be found in Appendix B.

Figure 2.10 Inverse kinematics flow chart
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CHAPTER 3
MANIPULATOR DYNAMICS
3.1

Introduction

In this chapter we shall present the necessary dynamic equations which are necessary
in the control of the manipulator. Dynamic equations are often referred as equations
of motion and they govern the relations between actuating torques and manipulator
motion. These relations can be obtained by applying known natural laws for rigid
bodies. For example, the principles of Newton, Lagrange and d’Alambert can be
utilized for this purpose. Although, all these methods define the dynamics of the
manipulator, due to their differences in formulation, structure of the resulting
equations may differ. Also, this difference can present itself in the number of
computations required. As a result, the method should be selected depending on the
application. In this study, the Lagrange-Euler formulation is chosen due to its easiness
in computer implementation.

3.2

Lagrange-Euler Formulation

The Lagrange-Euler formulation presented here is adopted from [1]. The formulation
utilizes Lagrangian mechanics with the homogeneous transformation matrix notation
of D-H representation. Lagrange-Euler equation is given as:

𝜏𝑖 =

𝑑 𝜕𝐿
𝜕𝐿
( )−
𝑑𝑡 𝜕𝑞𝑖̇
𝜕𝑞𝑖

(3.1)

where 𝒒 represents the generalized coordinates and they are selected as joint angular
positions, 𝜏 is the actuating torque, and 𝐿 is the Lagrangian of the system and it is
defined as:
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𝐿 = 𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝐸𝑛𝑒𝑟𝑔𝑦 − 𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 = 𝐾𝐸(𝒒, 𝒒̇ , 𝒒̈ ) − 𝑃𝐸(𝒒)

(3.2)

While the kinetic energy of the manipulator is a function of joint angular positions,
velocities, and accelerations, the potential energy is only dependent on the joint
angular positions. The formulation for Lagrangian function is given in detail in [1].
For the sake of not repeating their work, a brief description of the formulation is given
in this chapter. The resulting Lagrangian function is:

6

𝑖

𝑖

6

1
𝐿 = ∑ ∑ ∑[𝑡𝑟𝑎𝑐𝑒(𝑼𝑖𝑗 𝑱𝑖 𝑼𝑇𝑖𝑘 )𝑞̇ 𝑗 𝑞̇ 𝑘 ] + ∑ 𝑚𝑖 𝒈( 0𝑨𝑖 𝑖𝒓̅𝑖 )
2
𝑖=1 𝑗=1 𝑘=1

(3.3)

𝑖=1

The sum on the left side gives the kinetic energy of the system and the sum on the left
side is the potential energy of the system, measured relative to the base coordinate
system. Now let us discover the matrices appearing in the Lagrangian of the system.
0

𝑨𝑖 is the homogeneous transformation matrix defined in the kinematics chapter and

it maps the coordinates of the 𝑖 𝑡ℎ joint to the base coordinate system. The matrix 𝑼𝑖𝑗
is the expression of the rate of change of this mapping relative to the changing joint
angular positions, and it is defined as:

𝑼𝑖𝑗 =

𝜕 0𝑨𝑖
𝜕𝑞𝑗

(3.4)

𝑼𝑇𝑖𝑗 is the transpose of the matrix 𝑼𝑖𝑗 and 𝑞̇ is the joint angular velocity of the
respective joint. Also, trace operator is defined for an 𝑛 × 𝑛 matrix 𝑩 as the following:
𝑛

𝑡𝑟𝑎𝑐𝑒(𝑩) = ∑ 𝑏𝑖𝑖

(3.5)

𝑖=1

Last matrix appearing in the kinetic energy is the inertia matrix and it is defined as:
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𝐼𝑥𝑥

𝐼𝑥𝑦

𝐼𝑥𝑧

𝑚𝑖 𝑥̅𝑖

𝐼𝑥𝑦

𝐼𝑦𝑦

𝐼𝑦𝑧

𝑚𝑖 𝑦̅𝑖

𝐼𝑥𝑧

𝐼𝑦𝑧

𝐼𝑧𝑧

𝑚𝑖 𝑧̅𝑖

[𝑚𝑖 𝑥̅ 𝑖

𝑚𝑖 𝑦̅𝑖

𝑚𝑖 𝑧̅𝑖

𝐽𝑖 =

(3.6)

𝑚𝑖 ]

The moment of inertias are measured relative to the 𝑖 𝑡ℎ coordinate system and 𝑚𝑖
represents the mass of the 𝑖 𝑡ℎ link. In the inertia matrix, 𝑥̅𝑖 , 𝑦̅𝑖 , and 𝑧̅𝑖 terms are the
coordinates of the center of mass of the 𝑖 𝑡ℎ link and from here it is possible to define
the position vector of the center of mass of the links appearing in potential energy sum
of the Lagrangian. However, it should be noted that every center of mass should be
expressed in terms of the related link coordinate system.
𝑥̅𝑖
𝑖

𝒓𝑖 =

𝑦̅𝑖
𝑧̅𝑖

= (𝑥̅𝑖 , 𝑦̅𝑖 , 𝑧̅𝑖 , 1)𝑇

(3.7)

[1]
Last term in the Lagrangian is the gravity row vector 𝒈. Assuming the gravity acts in
the – 𝑧 direction of the base coordinate system, gravity row vector can be written as:

0
0
𝒈=[
] = (0,0, −9.8062,0)𝑇 𝑚/sec 2
−9.8062
0

(3.8)

All of the terms appearing in the Lagrangian of the system is defined, and the
formulation can proceed by applying the Lagrange-Euler formula. Putting the
Lagrangian into Equation 3.1, the equation of motion of the 𝑖 𝑡ℎ joint can be obtained.
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𝑗

6

𝜏𝑖 =

6

∑ ∑ 𝑡𝑟𝑎𝑐𝑒(𝑼𝑗𝑘 𝑱𝑗 𝑼𝑗𝑖𝑇 )𝑞̈ 𝑘
𝑗=𝑖 𝑘=1

𝑗

𝑗

+ ∑ ∑ ∑ 𝑡𝑟𝑎𝑐𝑒(𝑼𝑗𝑘𝑚 𝑱𝑗 𝑼𝑗𝑖𝑇 )𝑞̇ 𝑘 𝑞̇ 𝑚
𝑗=𝑖 𝑘=1 𝑚=1

6

(3.9)

− ∑ 𝑚𝑗 𝒈𝑼𝑗𝑖 𝑗𝒓̅𝑗
𝑗=𝑖

The only undefined term in this equation is the matrix 𝑼𝑗𝑘𝑚 , and it is the rate of change
of the matrix 𝑼𝑗𝑘 with the changing joint angular positions.

𝑼𝑗𝑘𝑚 =

𝜕𝑼𝑗𝑘
𝜕𝑞𝑚

(3.10)

It is possible to express Equation 3.9 with a simpler notation:
6

6

6

𝜏𝑖 = ∑ 𝐷𝑖𝑘 𝑞̈ 𝑘 + ∑ ∑ ℎ𝑖𝑘𝑚 𝑞̇ 𝑘 𝑞̇ 𝑚 + 𝑐𝑖
𝑘=1

(3.11)

𝑘=1 𝑚=1

In this notation, 𝐷𝑖𝑘 terms are the elements of the acceleration related symmetric
matrix 𝑫(𝒒). Upon a closer look it can be seen that the multipliers of matrix 𝑫(𝒒) are
only the joint angular accelerations. From there we can deduce that the acceleration
related matrix includes the inertial parameters of the robot and its function is to
determine the effect of the joint angular accelerations on the torque requirement. With
the simplified notation, 𝐷𝑖𝑘 can be expressed as:
6

𝐷𝑖𝑘 =

∑

𝑡𝑟𝑎𝑐𝑒(𝑼𝑗𝑘 𝑱𝑗 𝑼𝑗𝑖𝑇 )

𝑖, 𝑘 = 1,2, … ,6

(3.12)

𝑗=max(𝑖,𝑘)

ℎ𝑖𝑘𝑚 terms are elements of the Coriolis and centrifugal matrix 𝒉(𝒒, 𝒒̇ ). Similarly, it is
possible to understand their function by considering the multipliers of these terms. As
it can be seen from the sum, every term related to a certain link is affected by the joint
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angular velocities of other links. Thus, the Coriolis and centrifugal matrix accounts for
the nonlinear coupling effect of each link on the other joints. With the simplified
notation ℎ𝑖𝑘𝑚 can be expressed as:
6

∑

ℎ𝑖𝑘𝑚 =

𝑡𝑟𝑎𝑐𝑒(𝑼𝑗𝑘𝑚 𝑱𝑗 𝑼𝑗𝑖𝑇 )

𝑖, 𝑘, 𝑚 = 1,2, … ,6

(3.13)

𝑗=max(𝑖,𝑘,𝑚)

𝑐𝑖 terms are the elements of the gravity loading force vector 𝒄(𝒒) and they measure
the effect of the gravity with the changing joint angular positions.

6

𝒄𝑖 = ∑(−𝑚𝑗 𝒈𝑼𝑗𝑖 𝑗𝒓̅𝑗 ) 𝑖 = 1,2, … ,6

(3.14)

𝑗=𝑖

With the defined matrices, the resulting equation of motion will have the following
compact form:

𝝉 = 𝑫(𝒒)𝒒̈ + 𝒉(𝒒, 𝒒̇ ) + 𝒄(𝒒)

(3.15)

For a better understanding, the equation of motion can be written to include all matrix
terms:
𝜏1

𝐷11

𝐷12

𝐷13

𝐷14

𝐷15

𝐷16 𝑞̈ 1

𝒒̇ 𝑻 𝒉𝟏 𝒒̇

𝑐1

𝜏2

𝐷21

𝐷22

𝐷23

𝐷24

𝐷25

𝐷26 𝑞̈ 2

𝒒̇ 𝑻 𝒉𝟐 𝒒̇

𝑐2

𝐷31

𝐷32

𝐷33

𝐷34

𝐷35

𝐷36 𝑞̈ 3

𝐷41

𝐷42

𝐷43

𝐷44

𝐷45

𝐷46 𝑞̈ 4

𝜏5

𝐷51

𝐷52

𝐷53

𝐷54

𝐷55

𝐷56 𝑞̈ 5

𝒒̇ 𝑻 𝒉𝟓 𝒒̇

𝑐5

[𝜏6 ]

[𝐷61

𝐷62

𝐷63

𝐷64

𝐷65

𝐷66 ] [𝑞̈ 6 ]

[𝒒̇ 𝑻 𝒉𝟔 𝒒̇ ]

[𝑐6 ]

𝜏3
𝜏4

=

𝒒̇ = (𝑞̇ 1 , 𝑞̇ 2 , 𝑞̇ 3 , 𝑞̇ 4 , 𝑞̇ 5 , 𝑞̇ 6 )𝑇

+

𝒒̇ 𝑻 𝒉𝟑 𝒒̇
𝒒̇ 𝑻 𝒉𝟒 𝒒̇

+

𝑐3
𝑐4

(3.16)

(3.17)
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𝒉𝒊 =

ℎ𝑖11

ℎ𝑖12

ℎ𝑖13

ℎ𝑖14

ℎ𝑖15

ℎ𝑖16

ℎ𝑖12

ℎ𝑖22

ℎ𝑖23

ℎ𝑖24

ℎ𝑖25

ℎ𝑖26

ℎ𝑖13

ℎ𝑖32

ℎ𝑖33

ℎ𝑖34

ℎ𝑖35

ℎ𝑖36

ℎ𝑖14

ℎ𝑖42

ℎ𝑖43

ℎ𝑖44

ℎ𝑖45

ℎ𝑖46

ℎ𝑖15

ℎ𝑖52

ℎ𝑖53

ℎ𝑖54

ℎ𝑖55

ℎ𝑖56

[ℎ𝑖16

ℎ𝑖62

ℎ𝑖63

ℎ𝑖64

ℎ𝑖65

ℎ𝑖66 ]

𝑖 = 1,2, … ,6

Figure 3.1 Dynamic equation flow chart
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(3.18)

Figure 3.1 Dynamic equation flow chart (continued)
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Figure 3.1 Dynamic equation flow chart (continued)

Using the procedure described, it is possible to obtain analytic expressions for the
equation of motion. However, our study is strictly focused on the computer simulation
of the IRB120 robot arm and does not include real time control applications at this
level. As a result, instead of obtaining analytical expressions, a numerical subroutine
named dynamic.m is written in GNU Octave which calculates all necessary matrices
appearing in the dynamic equation. The flow chart which describes this function can
be seen in Figure 3.1. Furthermore, another script which symbolically computes the
equation of equation of a two-link manipulator is written in order to test the correctness
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of the numerical script. The result of this script will be presented in the simulation
chapter and the symbolic script can be found in Appendix B.

3.3

Numerical Solution of the Equation of Motion

The equation of motion which represents the dynamics of the manipulator forms a
system of second order ordinary differential equations. Since the equation of motion
has six unknowns and includes highly nonlinear terms, the system is too complex to
present itself in the form of an analytical solution. In such cases, it is desirable to
approach the problem using numerical methods. Instead of obtaining the solution as a
whole, numerical methods estimates the solution with an iterative manner. In this
chapter, the numerical solution of the dynamic equation using fourth order Runge
Kutta method is presented. Let an initial value problem of the first order is defined as
the following.
𝑑𝑦
= 𝑓(𝑦, 𝑡),
𝑑𝑡

𝑦(𝑡0 ) = 𝑦0

(3.19)

In this equation, 𝑡 is the independent variable and 𝑦 is the dependent one. This means
the solution of 𝑦 is to be searched over the intervals of 𝑡. The interval is divided into
small steps and the solution in each step is estimated by assuming a linear relation
between 𝑦 and 𝑡. By defining ℎ as the step size and 𝜙 as the slope, new values of 𝑦
after each iteration can be expressed mathematically as:

ℎ = 𝑡𝑖+1 − 𝑡𝑖

(3.20)

𝑦𝑖+1 = 𝑦𝑖 + 𝜙ℎ

(3.21)

The method aims to calculate the new values of 𝑦 step by step starting from the initial
value. There are two key features to be considered before completing the solution: the
step size and the slope should be selected properly. In most of the ordinary differential
equation solvers of the commercial software, the step size is selected adaptively. For
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instance, MATLAB’s ode45 function uses fourth and fifth order Runge-Kutta methods
with adaptive step size. Although the adaptive step size gives better approximation for
nonstiff equations, it costs grater computation time. Hence, in our study we shall
simulate our results using a constant step size. Common logic dictates that if the step
size is selected small enough the results must converge to the exact solution. However,
the error in each step is inherited by the next one, and if the step size selected too small
the error dominates the solution. For the proper selection of the step size, solution can
be carried out a couple of times with varying step sizes. In our control studies, a step
size of 0.01 s gives satisfactory results. Another key feauture of the method is to select
the proper slope for each iteration. The aim is to choose the slope which will give the
next 𝑦𝑖+1 with the smallest possible error. In the fourth order Runge-Kutta method the
slope is defined as:

𝜙=

1
(𝑘 + 2𝑘2 + 2𝑘3 + 𝑘4 )
6 1

(3.22)

Parameters in this equation can be computed with the following equations.

𝑘1 = 𝑓(𝑡𝑖 , 𝑦𝑖 )

(3.23)

ℎ
𝑘1 ℎ
𝑘2 = 𝑓 (𝑡𝑖 + , 𝑦𝑖 +
)
2
2

(3.24)

ℎ
𝑘2 ℎ
𝑘3 = 𝑓 (𝑡𝑖 + , 𝑦𝑖 +
)
2
2

(3.25)

𝑘4 = 𝑓(𝑡𝑖 + ℎ, 𝑦𝑖 + 𝑘3 ℎ)

(3.26)

If a higher level of accuracy is desired, a higher Runge-Kutta method can be used.
However, it should be noted that as the degree of the method becomes higher, number
of computations per iteration also increases. Thus, the selection of the method is a
trade-off between computation time and accuracy. Calculation of necessary matrices
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in the dynamic equation using Lagrange-Euler method requires 105 computation per
iteration. As a result, computation time is of primary importance in our selection of
the numerical solution method.

3.4

State-Space Representation of the Equation of Motion

The numerical solution method presented can solve sets of differential equations of
the first order, so it is necessary to express the system in the required form. Recall that
the dynamic equation of the manipulator has the following form,

𝝉 = 𝑫(𝒒)𝒒̈ + 𝒉(𝒒, 𝒒̇ ) + 𝒄(𝒒) + 𝝉𝒅

(3.27)

with 𝒒(𝑡) ∈ 𝑅 𝑛 the joint variables and 𝝉(𝑡) is the control torque. 𝑫(𝒒) is the inertial
acceleration related matrix, 𝒉(𝒒, 𝒒̇ ) is the nonlinear Coriolis and centrifugal vector,
𝒄(𝒒) is the gravity loading force vector, and 𝝉𝒅 represents an unknown disturbance. It
is also possible to write the dynamic equation in a more compact form as:

𝝉 − 𝝉𝒅 = 𝑫(𝒒)𝒒̈ + 𝑯(𝒒, 𝒒̇ )

(3.28)

with the Coriolis and centrifugial and gravity loading force vectors represented as:

𝑯(𝒒, 𝒒̇ ) = 𝒉(𝒒, 𝒒̇ ) + 𝒄(𝒒)

(3.29)

The aim is to express manipulator dynamic equations in the following nonlinear state
variable form.

𝒙̇ = 𝒇(𝒙, 𝒖, 𝑡)

(3.30)

or in the linear form,
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𝒙̇ = 𝑨𝒙 + 𝑩𝒖

(3.31)

In these forms, 𝒖(𝑡) and 𝒙(𝑡) represents control input and the state variables
respectively. State variables should be defined so that the physical state of the system
can be identified with a known set of state variables. It should be also noted that there
is not a unique way of defining state variables. For instance, Gu and Loh used
Hamiltonian mechanics to express the manipulator dynamics in the state-space form
[14]. Another possible representation can be formulated by defining state variables as
joint position and velocity [42]. This method is often referred as position/velocity
formulation in the literature, and we shall use it to solve dynamic equation for the
controller simulation. Let the state variables are defined as the following:
𝒒
𝒙=[ ]
𝒒̇

(3.32)

The dynamic equation can be manipulated to express joint angular accelerations as:

𝒒̈ = −𝑫−𝟏 (𝒒)[𝑯(𝒒, 𝒒̇ ) + 𝝉 − 𝝉𝒅 ]

(3.33)

Finally, the linear state-space representation of the manipulator becomes:
𝒒̇
𝟎
𝒙̇ = [ −𝟏
] + [ −𝟏 ] (𝝉 − 𝝉𝒅 )
−𝑫 (𝒒)𝑯(𝒒, 𝒒̇ )
𝑫 (𝒒)

(3.34)

As mentioned earlier, the state-space representation of the dynamic equation is very
useful in obtaining the numerical solution for the dynamic response of the system.
Moreover, it will come in handy when designing the PID controller for the
manipulator.
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CHAPTER 4
TRAJECTORY PLANNING
4.1

Introduction

A robot trajectory can be defined as the space curve which is followed by the end
effector. Similarly, trajectory planning is the planning of this space curve and
determining the corresponding joint variable space equivalent of the trajectory. The
control methods implemented for this study requires joint angular positions, velocities,
and accelerations. Thus, the aim of this chapter is to generate joint variable space
trajectories to be used in the control applications. Robot trajectories should be planned
so that manipulator can move with acceptable vibration and without causing actuator
saturation. Also, the environment in which the manipulator operates has to be taken
into consideration in order to plan a collision-free path.
Regarding trajectory planning, there are two different approaches depending on the
nature of the application: joint-interpolated trajectories and cartesian space (task space)
trajectories. In joint interpolated trajectories, the initial and final state of the end
effector is defined in cartesian space and a smooth transition between the initial and
final angular positions are obtained using polynomials or cubic splines in the joint
variable space. This approach is more suitable for applications in which only the initial
and final state of the end-effector matter because it is not easy to impose cartesian
space constrains while interpolating in the joint-variable space. For example, while
joint-interpolated trajectories can be used for pick and place applications, they are not
suitable for welding and assembly operations. In applications which require positional
accuracy, cartesian space trajectories must be used. Unlike joint-interpolated
trajectories, cartesian space trajectories are planned by defining the state of the end
effector in the cartesian space for every instance. Which means, the position and the
orientation of the end-effector is carefully planned throughout the whole trajectory.
In this chapter, one methodology for each trajectory planning approach is presented.
In section 4.2, a joint-interpolated trajectory generation method which uses third and
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fourth order polynomials is given, and in section 4.3, a method for cartesian space
trajectory generation which utilizes parametric representation of curves is presented.

4.2

Joint-Interpolated Trajectories (4-3-4 Polynomial Trajectory)

In joint-interpolated trajectories, it is desired to have a smooth transition between the
initial and the final positions of the end-effector. To this end, each joint must follow a
joint-variable space trajectory which allows easy acceleration and deceleration. Which
means that each joint should slowly accelerate from the starting position and slowly
decelerate to the final position. One such profile can be obtained by combining third
and fourth degree polynomials. The position profile given in Figure 4.1 is generated
by assigning a fourth degree polynomial till the lift-off position, a third degree
polynomial between lift-off and set point and another fourth degree polynomial till the
final position [1]. To be able to completely define the position profile, the lift-off and
set point times and also positional values at these instances must be defined.

Figure 4.1 4-3-4 polynomial joint-interpolated trajectory profile

Let 𝜏 and ℎ𝑖 represent time and the joint angular position of the respective joint. Then,
the joint interpolated trajectory of the joint 𝑖 can be expressed as:
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𝑎14 𝜏 4 + 𝑎13 𝜏 3 + 𝑎12 𝜏 2 + 𝑎11 𝜏 + 𝑎10
ℎ𝑖 (𝜏) = {𝑎23 𝜏 3 + 𝑎22 𝜏 2 + 𝑎21 𝜏 + 𝑎20
𝑎34 𝜏 4 + 𝑎33 𝜏 3 + 𝑎32 𝜏 2 + 𝑎31 𝜏 + 𝑎30

, 𝜏0 ≤ 𝜏 ≤ 𝜏1
, 𝜏1 < 𝜏 ≤ 𝜏2

(4.1)

, 𝜏2 < 𝜏 ≤ 𝜏𝑓

With this representation the problem reduces to determining 14 unknown polynomial
coefficients for each joint. It is possible to acquire 14 linear equations using boundary
conditions given in Figure 4.2. Then, the final system can be solved using matrix
algebra.

Figure 4.2 Boundary conditions for 4-3-4 polynomial joint-interpolated trajectory

Boundary conditions for the initial position:

ℎ𝑖 (𝜏0 ) = 𝜃0 , initial position

(4.2)
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𝜃0 = 𝑎14 𝜏04 + 𝑎13 𝜏03 + 𝑎12 𝜏02 + 𝑎11 𝜏0 + 𝑎10

(4.3)

𝑑ℎ𝑖 (𝜏0 )
= 𝑣0 , initial velocity
𝑑𝜏

(4.4)

𝑣0 = 4𝑎14 𝜏03 + 3𝑎13 𝜏02 + 2𝑎12 𝜏0 + 𝑎11

(4.5)

𝑑2 ℎ𝑖 (𝜏0 )
= 𝑎0 , initial acceleration
𝑑𝜏 2

(4.6)

𝑎0 = 12𝑎14 𝜏02 + 6𝑎13 𝜏0 + 2𝑎12

(4.7)

Boundary conditions for the lift-off:

ℎ𝑖 (𝜏1 ) = 𝜃1 , lift-off position

(4.8)

𝜃1 = 𝑎14 𝜏14 + 𝑎13 𝜏13 + 𝑎12 𝜏12 + 𝑎11 𝜏1 + 𝑎10

(4.9)

ℎ𝑖 (𝜏1− ) = ℎ𝑖 (𝜏1+ ), continuity condition
0 = 𝑎14 𝜏14 + 𝑎13 𝜏13 + 𝑎12 𝜏12 + 𝑎11 𝜏1 + 𝑎10 − 𝑎23 𝜏13 − 𝑎22 𝜏12 − 𝑎21 𝜏1
− 𝑎20

(4.10)

(4.11)

𝑑ℎ𝑖 (𝜏1− ) 𝑑ℎ𝑖 (𝜏1+ )
=
, first derivative continuity
𝑑𝜏
𝑑𝜏

(4.12)

0 = 4𝑎14 𝜏13 + 3𝑎13 𝜏12 + 2𝑎12 𝜏1 + 𝑎11 − 3𝑎23 𝜏12 − 2𝑎22 𝜏1 − 𝑎21

(4.13)

𝑑2 ℎ𝑖 (𝜏1− ) 𝑑 2 ℎ𝑖 (𝜏1+ )
=
, second derivative continuity
𝑑𝜏 2
𝑑𝜏 2

(4.14)
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0 = 12𝑎14 𝜏12 + 6𝑎13 𝜏1 + 2𝑎12 − 6𝑎23 𝜏1 − 2𝑎22

(4.15)

Boundary conditions for the set point:

ℎ𝑖 (𝜏2 ) = 𝜃2 , set point position

(4.16)

𝜃2 = 𝑎23 𝜏23 + 𝑎22 𝜏22 + 𝑎21 𝜏2 + 𝑎20

(4.17)

ℎ𝑖 (𝜏2− ) = ℎ𝑖 (𝜏2+ ), continuity condition

(4.18)

0 = 𝑎23 𝜏23 + 𝑎22 𝜏22 + 𝑎21 𝜏2 + 𝑎20 − 𝑎34 𝜏24 − 𝑎33 𝜏23 − 𝑎32 𝜏22 − 𝑎31 𝜏2
− 𝑎30

(4.19)

𝑑ℎ𝑖 (𝜏2− ) 𝑑ℎ𝑖 (𝜏2+ )
=
, first derivative continuity
𝑑𝜏
𝑑𝜏

(4.20)

0 = 3𝑎23 𝜏22 + 2𝑎22 𝜏2 + 𝑎21 − 4𝑎34 𝜏23 − 3𝑎33 𝜏22 − 2𝑎32 𝜏2 − 𝑎21

(4.21)

𝑑2 ℎ𝑖 (𝜏2− ) 𝑑 2 ℎ𝑖 (𝜏2+ )
=
, second derivative continuity
𝑑𝜏 2
𝑑𝜏 2

(4.22)

0 = 6𝑎23 𝜏2 + 2𝑎22 − 12𝑎34 𝜏22 − 6𝑎33 𝜏2 − 2𝑎32

(4.23)

Boundary conditions for the final position:

ℎ𝑖 (𝜏3 ) = 𝜃3 , final position

(4.24)

𝜃3 = 𝑎34 𝜏34 + 𝑎33 𝜏33 + 𝑎32 𝜏32 + 𝑎31 𝜏3 + 𝑎30

(4.25)
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𝑑ℎ𝑖 (𝜏3 )
= 𝑣𝑓 , final velocity
𝑑𝜏

(4.26)

𝑣𝑓 = 4𝑎34 𝜏33 + 3𝑎33 𝜏32 + 2𝑎32 𝜏3 + 𝑎31

(4.27)

𝑑2 ℎ𝑖 (𝜏3 )
= 𝑎𝑓 , final acceleration
𝑑𝜏 2

(4.28)

𝑎𝑓 = 12𝑎34 𝜏32 + 6𝑎33 𝜏3 + 2𝑎32

(4.29)

14 equations are obtained using 14 boundary conditions. When they are put together,
these equations form a system of linear equations. In matrix notation, the system is:

𝑦 =𝐶∙𝑥
𝜏03 𝜏02 𝜏0 1

0

0

0 0

0

0

0

0

0

4𝜏03 3𝜏02 2𝜏0 1 0

0

0

0 0

0

0

0

0

0

12𝜏02 6𝜏0 2 0 0

0

0

0 0

0

0

0

0

0

𝜏14

𝜏13 𝜏12 𝜏1 1

0

0

0 0

0

0

0

0

0

𝜏14

𝜏13 𝜏12 𝜏1 1 −𝜏13 −𝜏12 −𝜏1 1

0

0

0

0

0

4𝜏13 3𝜏12 2𝜏1 1 0 −3𝜏12 −2𝜏1 −1 0

0

0

0

0

0

12𝜏12 6𝜏1 2 0 0 −6𝜏1 −2

0 0

0

0

0

0

0

0

0

0

0

0

𝜏04

𝐶=

(4.30)

0

0

0 0 0 𝜏23

𝜏22

𝜏2 1

0

0

0 0 0 𝜏23

𝜏22

𝜏2 1 −𝜏24

0

0

0 0 0 3𝜏22

2𝜏2

1 0 −4𝜏23 −3𝜏22 −2𝜏2 −1 0

0

0

0 0 0 6𝜏2

𝜏2

0 0 −12𝜏22 −6𝜏2 −2

0

0

0 0 0

0

0

0 0

𝜏34

𝜏33

0

0

0 0 0

0

0

0 0 4𝜏33

[ 0

0

0 0 0

0

0

0 0 12𝜏32
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−𝜏23 −𝜏22 −𝜏2 −1
0

0

𝜏32

𝜏3

1

3𝜏32

2𝜏3

1

0

6𝜏3

2

0

0]

(4.31)

𝑦 = [𝜃0

𝑣0

𝑎0

𝜃1

0 0

0 𝜃2

0 0

0 𝜃3

𝑣𝑓

𝑎𝑓 ]𝑇

(4.32)

𝑥 = [𝑎14 𝑎13 𝑎12 𝑎11 𝑎10 𝑎23 𝑎22 𝑎21 𝑎20 𝑎34 𝑎33 𝑎32 𝑎31 𝑎30 ]𝑇 (4.33)

The solution of the linear equation system can be carried out by various numerical
methods. As almost every programming language has built-in solutions for these types
of systems, a separate solution method is not presented here.
For control purposes joint angular velocities and accelerations of every joint are also
needed. This can be accomplished by taking first and second derivatives of the
polynomials which forms joint angular positions. The resulting velocity polynomials
will be order of 3-2-3, and acceleration polynomials 2-1-2. Let 𝑣𝑖 and 𝑎𝑖 represent
velocity and acceleration functions of the respective joint:
4𝑎14 𝜏 3 + 3𝑎13 𝜏 2 + 2𝑎12 𝜏 + 𝑎11

, 𝜏0 ≤ 𝜏 ≤ 𝜏1

3𝑎23 𝜏 2 + 2𝑎22 𝜏 + 𝑎21

, 𝜏1 < 𝜏 ≤ 𝜏2

4𝑎34 𝜏 3 + 3𝑎33 𝜏 2 + 2𝑎32 𝜏 + 𝑎31

, 𝜏2 < 𝜏 ≤ 𝜏𝑓

𝑣𝑖 (𝜏) = {

12𝑎14 𝜏 2 + 6𝑎13 𝜏 + 2𝑎12

, 𝜏0 ≤ 𝜏 ≤ 𝜏1

6𝑎23 𝜏 + 2𝑎22

, 𝜏1 < 𝜏 ≤ 𝜏2

12𝑎34 𝜏 2 + 6𝑎33 𝜏 + 2𝑎32

, 𝜏2 < 𝜏 ≤ 𝜏𝑓

𝑎𝑖 (𝜏) = {

(4.34)

(4.35)

The method presented starts with the calculation of joint angular positions using
inverse kinematics for a desired initial and final state of the end-effector. Then, the
solution for polynomial coefficients should be carried out for each joint. Finally,
determining the velocity and acceleration functions for each joint concludes the
trajectory generation.
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Figure 4.3 Joint-interpolated trajectory planning flow chart

A subroutine called jst_planner.m is written using GNU Octave programming
language which covers the joint-interpolated trajectory generation. The function takes
the initial and final desired transformation matrix of the end-effector and necessary
trajectory parameters as input and generates the joint-interpolated trajectory using the
procedure described in this section. A flow chart which describes this function is given
in Figure 4.3 and GNU Octave script can be found in Appendix B.
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4.3

Cartesian Space Trajectories

In cartesian space trajectories, it is also desired to obtain a velocity profile which
allows easy acceleration and deceleration. However, the key difference here is to
formulate the trajectory in cartesian space for every instance. The method presented
here utilizes the parametric representation of space curves. Let the desired trajectory
⃗ (𝑡) with 𝑡 being the function
is represented in its parametric form by position vector 𝒓
parameter.

⃗ , 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑓
⃗ (𝑡) = 𝑎(𝑡)𝒊 + 𝑏(𝑡)𝒋 + 𝑐(𝑡)𝒌
𝒓

(4.36)

Then, the arc length function of the same trajectory can be expressed as the following.
𝑡

𝑑
⃗ (𝜙)| 𝑑𝜙
𝑠(𝑡) = ∫ | 𝒓
𝑑𝜙

, 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑓

(4.37)

𝑡𝑖

It is worth to note that it is not always possible to have an analytic expression for the
arc length function. Depending on functions 𝑎(𝑡), 𝑏(𝑡), and 𝑐(𝑡) the integral given
above may or may not have an exact form. In such cases, the value of the arc length
function can be calculated using numerical integration methods.
In order to have easy acceleration and deceleration, the velocity profile given in Figure
4.4 is selected. In this figure, 𝑣(𝜏) represents the velocity of the end-effector in
cartesian space and 𝜏 represents time. The end-effector velocity can be expressed as a
piecewise function as the following.

𝑣(𝜏) =

𝑐1 𝜏
𝜏1

, 0 ≤ 𝜏 ≤ 𝜏1

𝑐1

, 𝜏1 < 𝜏 ≤ 𝜏2

(4.38)

𝑐1 (𝜏 − 𝜏𝑓 )
, 𝜏2 < 𝜏 ≤ 𝜏𝑓
{ 𝜏2 − 𝜏𝑓
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Figure 4.4 End-effector velocity profile for cartesian space trajectories

Now , we would like to express the trajectory in terms of time (𝜏) because in its current
parametric form it is not possible to have control over velocity and acceleration. For
this purpose, function parameter must be expressed in terms of time. That is:

𝑡 = 𝑓(𝜏) , 0 ≤ 𝜏 ≤ 𝜏𝑓

(4.39)

Then, the end-effector velocity can be formulated in terms of time using chain rule as
the following.

𝑣(𝜏) =

𝑑𝑠(𝑡) 𝑑𝑠(𝑡) 𝑑𝑓(𝜏)
=
𝑑𝜏
𝑑𝑡
𝑑𝜏

, 0 ≤ 𝜏 ≤ 𝜏𝑓

(4.40)

By arranging the terms, the expression which gives 𝑓(𝜏) becomes:

𝑓(𝜏) = ∫

𝑣(𝜏)
𝑑𝜏
𝑑𝑠/𝑑𝑡

(4.41)
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Note that if 𝑠̇ (𝑡) is not constant, the last expression may not present an exact solution.
Thus, in our formulation we shall strictly deal with curves which yield a constant 𝑠̇ (𝑡)
function. Using this constant value, the formulation becomes:
𝑑𝑠(𝑡) 1
= = constant
𝑑𝑡
𝑐

(4.42)

𝑓(𝜏) = ∫ 𝑐𝑣(𝜏)𝑑𝜏

(4.43)

To be able to fully define the trajectory, the function 𝑓(𝜏) must be solved in the interval
[0, 𝜏𝑓 ].
Solution for 0 ≤ 𝜏 ≤ 𝜏1 :
𝑐𝑐1 𝜏
𝑑𝑓
= 𝑐𝑣(𝜏) =
𝜏1
𝑑𝜏

𝑓(𝜏) = ∫

, 0 ≤ 𝜏 ≤ 𝜏1

(4.44)

𝑐𝑐1 𝜏
𝑐𝑐1 𝜏 2
𝑑𝜏 =
+ 𝑐2
𝜏1
2𝜏1

(4.45)

Using the initial value of the parameter 𝑡, 𝑐2 can be solved.
𝑓(0) = 𝑡𝑖

, 𝑐2 = 𝑡𝑖

(4.46)

Solution for 𝜏1 < 𝜏 ≤ 𝜏2 :
𝑑𝑓
= 𝑐𝑣(𝜏) = 𝑐𝑐1
𝑑𝜏

, 𝜏1 < 𝜏 ≤ 𝜏2

(4.47)

𝑓(𝜏) = ∫ 𝑐𝑐1 𝑑𝜏 = 𝑐𝑐1 𝜏 + 𝑐3

(4.48)
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The constant 𝑐3 can be determined by using the continuity condition at 𝜏1 .
𝑓(𝜏1− ) = 𝑓(𝜏1+ )
𝑐𝑐1 𝜏1
+ 𝑐2 = 𝑐𝑐1 𝜏1 + 𝑐3
2

(4.49)

, 𝑐3 = −

𝑐𝑐1 𝜏1
+ 𝑐2
2

(4.50)

Solution for 𝜏2 < 𝜏 ≤ 𝜏𝑓 :

𝑑𝑓
𝑐𝑐1 (𝜏 − 𝜏𝑓 )
= 𝑐𝑣(𝜏) =
𝑑𝜏
𝜏2 − 𝜏𝑓

, 𝜏2 < 𝜏 ≤ 𝜏𝑓

(4.51)

𝑐𝑐1 (𝜏 − 𝜏𝑓 )
𝑐𝑐1 (𝜏 2 − 2𝜏𝑓 𝜏)
𝑓(𝜏) = ∫
𝑑𝜏 =
+ 𝑐4
𝜏2 − 𝜏𝑓
2(𝜏2 − 𝜏𝑓 )

(4.52)

The constant 𝑐4 can be determined by using the continuity condition at 𝜏2 .
𝑓(𝜏2− ) = 𝑓(𝜏2+ )
𝑐𝑐1 (𝜏 2 − 2𝜏𝑓 𝜏)
+ 𝑐4 = 𝑐𝑐1 𝜏2 + 𝑐3
2(𝜏2 − 𝜏𝑓 )

(4.53)

, 𝑐4 =

𝑐𝑐1 𝜏22
2(𝜏2 − 𝜏𝑓 )

+ 𝑐3

(4.54)

In the formulation, there is only one undetermined constant, which is 𝑐1. The value of
𝑐1 can be determined using the boundary condition for the final position. Thus, it is
possible to show that the value of 𝑐1 is controlled by the duration of the required task.

𝑓(𝜏𝑓 ) = 𝑡𝑓

(4.55)

𝑐𝑐1 (𝜏𝑓2 − 2𝜏𝑓2 )
𝑐𝑐1 𝜏22
+
+ 𝑐3 = 𝑡𝑓
2(𝜏2 − 𝜏𝑓 )
2(𝜏2 − 𝜏𝑓 )
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, 𝑐1 =

2(𝑡𝑓 − 𝑡𝑖 )
𝑐(−𝜏1 + 𝜏2 + 𝜏𝑓 )

(4.56)

With the determination of 𝑓(𝜏) trajectory planning in cartesian space is completed. It
should be noted that the procedure described here does not consider the orientation of
the end-effector. However, defining only the position of the end-effector does not
produce solution for the last three joint angular positions and the orientation must be
also defined. As it was mentioned in Chapter 2, the last three joints are responsible for
the orientation of the end-effector. In other words, changing their values independently
does not compromise the integrity of cartesian space trajectory presented. As a result,
the joint-interpolated trajectory generation will be used for the trajectory planning of
the last three joints. Once the initial and final angular positions are obtained using the
inverse kinematics subroutine, the position profile given in Figure 4.1 can be
interpolated using the same joint-interpolated trajectory generation procedure. Now let
us exemplify the cartesian space trajectory generation method over a straight line and
a helix segment.
4.3.1

Case Study: Straight Line Segment

Figure 4.5 shows an arbitrary line segment defined by two points.

Figure 4.5 Parametric representation of lines in three dimensional space

It is possible to represent the line segment in its parametric form as the following.
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⃗ (𝑡) = 𝒓
𝒓
⃗0+𝒖
⃗𝑡

,0 ≤ 𝑡 ≤ 1

(4.57)

⃗ is the vector defined between 𝑃0 and 𝑃𝑓 .
where 𝒖

⃗
⃗ =𝒓
⃗𝑓 −𝒓
⃗ 0 = (𝑥𝑓 − 𝑥0 )𝒊 + (𝑦𝑓 − 𝑦0 )𝒋 + (𝑧𝑓 − 𝑧0 )𝒌
𝒖

(4.58)

The arc length function can be calculated using the following integral.
𝑡

𝑡

𝑑
⃗ (𝜙)| 𝑑𝜙 = ∫|𝒖
⃗ |𝑑𝜙 = |𝒖
𝑠(𝑡) = ∫ | 𝒓
⃗ |𝑡
𝑑𝜙
𝑡𝑖

,0 ≤ 𝑡 ≤ 1

(4.59)

0

With the calculation of the arc length function, the end-effector velocity function can
be obtained.

𝑣(𝑡) =

𝑐=

𝑑𝑠(𝑡)
1
⃗ |=
= |𝒖
𝑑𝑡
𝑐

1
=
|𝒖
⃗|

(4.60)

1
2

2

√(𝑥𝑓 − 𝑥0 ) + (𝑦𝑓 − 𝑦0 ) + (𝑧𝑓 − 𝑧0 )

2

(4.61)

The end-effector velocity constant 𝑐 is calculated for lines defined by two arbitrary
points. With the implementation of 𝑐 to the cartesian space trajectory generation
procedure, any line segment defined between two points can be used as robot
trajectories.
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4.3.2

Case Study: Helix Segment

Let the parametric form of helix segment is defined as:

⃗
⃗ (𝑡) = 𝑎 cos(𝑡) 𝒊 + 𝑎 sin(𝑡) 𝒋 + 𝑏𝑡𝒌
𝒓

, 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑓

(4.62)

where 𝑎 and 𝑏 defines the geometric properties of the helix. Figure 4.6 illustrates the
general shape of a helix.

Figure 4.6 The helix

The arc length function can be obtained as follows.
𝑡

𝑡

𝑑
⃗ (𝜙)| 𝑑𝜙 = ∫ √𝑎2 + 𝑏 2 𝑑𝜙
𝑠(𝑡) = ∫ | 𝒓
𝑑𝜙
𝑡𝑖

𝑡𝑖

= √𝑎2 + 𝑏 2 (𝑡 − 𝑡𝑖 )

(4.63)

, 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑓

By taking first derivative of 𝑠(𝑡), the end-effector velocity becomes:

𝑣(𝑡) =

𝑑𝑠(𝑡)
1
= √𝑎2 + 𝑏 2 =
𝑑𝑡
𝑐

(4.64)
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𝑐=

1

(4.65)

√𝑎2 + 𝑏 2

With the calculation of the required constant 𝑐, helix shaped curves can be used as
robot trajectories.
Similarly, a function named cst_planner.m is written using the GNU Octave
programming language which covers the straight line trajectory generation procedure
described in this section. The program takes initial and final position of the end
effector, and a predefined orientation file as input to generate the cartesian space
trajectories. The flow chart which describes the working logic of this program is given
in Figure 4.7 and the GNU Octave script is given in Appendix B.

Figure 4.7 Cartesian space trajectory planning flow chart
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CHAPTER 5
MANIPULATOR CONTROL
5.1

Introduction

The goal in the robot control applications is to make the end-effector follow a
predefined trajectory. To this end, a construct is needed which constantly checks if the
actual joint angular positions match with the desired joint angular positions or not.
This construct is referred as the controller. Since the corrective action of the controller
takes place based on a feedback information, it is possible to say that these types of
controllers are referred as closed-loop controllers. It is also possible to classify robot
controllers as computed torque controllers and non-computed torque controllers.
Computed torque controllers make intensive use of the dynamic model of the
manipulator while calculating system inputs and it is also one of the model based
control approaches. In this chapter we shall describe the outline of the computed torque
control and lay necessary foundations for the PID and self-tuning adaptive PID control.

5.2

Method of Computed Torque Control

Computed control structure consists of two key elements, namely inner feedforward
loop and outer feedback loop. The inner loop contains the update rule for the driving
system input and it is the place where actuating torque calculations take place. The
outer loop of the controller is responsible for the error detection and compensation.
Consider the robot dynamic equation given in the following form.

𝝉 = 𝑫(𝒒)𝒒̈ + 𝑯(𝒒, 𝒒̇ ) + 𝝉𝒅

(5.1)

and the error of the system is defined as:

𝒆(𝑡) = 𝒒𝒅 (𝑡) − 𝒒(𝑡)

(5.2)
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𝒆̇ (𝑡) = 𝒒̇ 𝒅 (𝑡) − 𝒒̇ (𝑡)

(5.3)

𝒆̈ (𝑡) = 𝒒̈ 𝒅 (𝑡) − 𝒒̈ (𝑡)

(5.4)

with 𝒒𝒅 and 𝒒 representing the desired and actual joint angular positions respectively.
Combining the angular acceleration error and the robot dynamic equation gives:

𝒆̈ (𝑡) = 𝒒̈ 𝒅 + 𝑫−1 (𝑞)(𝑯(𝑞, 𝑞̇ ) − 𝝉) + 𝑫−1 (𝑞)𝝉𝒅

(5.5)

By selecting the input as,

𝒖(𝑡) = 𝒒̈ 𝒅 + 𝑫−1 (𝑞)(𝑯(𝑞, 𝑞̇ ) − 𝝉)

(5.6)

the disturbance function becomes,

𝒘(𝑡) = 𝑫−1 (𝑞)𝝉𝒅

(5.7)

By combining the defined input and the disturbance function, error dynamics of the
system can be expressed as:

𝒆̇ (𝑡)
0
[
]=[
𝒆̈ (𝑡)
0

𝑰 𝒆(𝑡)
0
0
][
] + [ ] 𝒖(𝑡) + [ ] 𝒘(𝑡)
0 𝒆̇ (𝑡)
𝑰
𝑰

(5.8)

The linear error system is the equivalent of the following, and this is often referred in
the literature as the computed torque control law.

𝝉 = 𝑫−1 (𝑞)(𝒒̈ 𝒅 (𝑡) − 𝒖(𝑡)) + 𝑯(𝑞, 𝑞̇ )

(5.9)

It should be noted that the selection of control input defines characteristics of the
controller and also it is not unique. Another possible method is a controller with gravity
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compensation. The method utilizes only the gravitational terms of the dynamic
equation and can be said to be an approximate computed torque controller. Since
nonlinear terms are omitted in the gravity controller, the selection given above is
expected to give a better position tracking performance. Figure 5.1 gives the general
computed torque scheme and illustrates the inner and outer loop of the controller.

Figure 5.1 Outline of the computed torque controller [42]

5.3

PID Computed Torque Controller

PID control uses the proportional, integral and derivative actions on the tracking error
to move the system into the desired state. In other words, as long as there is a difference
between the desired and the actual state of the system, PID controller takes action to
decrease the error and if possible to make it vanish. In addition to the error definitions
given in the previous section, let the integral of the error and the control input be
defined as:

𝝐(𝑡) = ∫ 𝒆(𝑡)𝑑𝑡

(5.10)

𝒖(𝑡) = −𝑲𝒅 𝒆̇ (𝑡) − 𝑲𝒑 𝒆(𝑡) − 𝑲𝒊 𝝐(𝑡)

(5.11)

With these additional definitions, the actuation torque of the system becomes,
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𝝉 = 𝑫(𝒒)(𝒒̈ 𝒅 + 𝑲𝒅 𝒆̇ (𝑡) + 𝑲𝒑 𝒆(𝑡) + 𝑲𝒊 𝝐(𝑡)) + 𝑯(𝒒, 𝒒̇ )

(5.12)

where 𝑲𝒅 , 𝑲𝒑 , and 𝑲𝒊 are 𝑛 × 𝑛 diagonal PID gain matrices. Diagonal gain matrix
selection results in decoupled independent joint control. In other words, PID gains of
a link solely responsible for its control and do not take action in the control of the other
links. Hence, gain matrices are selected to yield the decoupled control of joints.

𝑲𝒅 = 𝑑𝑖𝑎𝑔{𝑘𝑣𝑖 }, 𝑲𝒅 = 𝑑𝑖𝑎𝑔{𝑘𝑝𝑖 }, 𝑲𝒊 = 𝑑𝑖𝑎𝑔{𝑘𝑖𝑖 }

(5.13)

The following figure gives the PID control scheme used in this study.

Figure 5.2 PID computed torque controller scheme [42]

With the addition of integral action into the controller, the error dynamics of the closed
loop system becomes:
0

𝐼

0

[𝒆̇ (𝑡)] = [ 0

0

𝐼 ] [𝒆(𝑡)] + [0] 𝒘(𝑡)

𝜺̇ (𝑡)
𝒆̈ (𝑡)

−𝑲𝒊

−𝑲𝒑

−𝑲𝒅

𝜺(𝑡)
𝒆̇ (𝑡)
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0
𝐼

(5.14)

Since each joint is controlled separately, then the characteristic polynomial of each
joint is:

∆𝑐 (𝑠) = |𝑠 3 + 𝑘𝑑𝑖 𝑠 2 + 𝑘𝑝𝑖 𝑠 + 𝑘𝑖𝑖 |

(5.15)

By applying the Routh’s stability criterion to the closed loop characteristic polynomial,
it is possible to draw some boundaries to the gain selection.

𝑠3
𝑠2
𝑠1
𝑠0

1
𝑘𝑑𝑖
𝑘𝑑𝑖 𝑘𝑝𝑖 − 𝑘𝑖𝑖
𝑘𝑑𝑖
𝑘𝑖𝑖

𝑘𝑝𝑖
𝑘𝑖𝑖
(5.16)

𝑘𝑖𝑖 < 𝑘𝑑𝑖 𝑘𝑝𝑖

(5.17)

The derived expression only ensures the local stability of the system. Which means if
the initial error of the system is small enough, each joint will follow the desired
trajectory. Now that the general outline of the PID gains are drawn, our tuning
procedure may proceed with the determination of the numerical values. The most
important aspect of the selection is the performance requirement. If the system
responds faster than it requires which simply means energy is consumed more than
necessary and the hardware cost of the system is unnecessarily high. Table 5.1
specifies the performance requirements for the payload carrying operation in terms of
the unit step input.
Table 5.1 Controller performance requirements

Performance Parameter
Maximum Percent Overshoot (𝑀𝑜)
Raising Time (𝑡𝑟 )
Peak Time (𝑡𝑝 )
Settling Time (𝑡𝑠 )
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Performance Requirement
2%
0.5 𝑠
0.5 𝑠
0.5 𝑠

Although all links are connected and they affect each other’s response time, it is easier
to tune the PID parameters considering each joint separately. Therefore, while
analyzing the step response of a joint, we shall consider the other joints as stationary
and they stay in a locked position. Another important system parameter to be
considered during the tuning procedure is the effective inertia. Diagonal terms
appearing in the inertia related matrix of the dynamic equation (𝐷𝑖𝑖 ) represents the
effective inertias of the corresponding links. Since each link also carries the links
coming after it, simulating each link using only its own inertial parameters would
essentially yield incorrect results. Moreover, the effective inertias should be calculated
at the robot configurations which would give the maximum effective inertias of each
link, because it is desired to simulate the system response at the maximum loading
conditions and this also includes the maximum payload. For the simulation purposes,
a sphere shaped payload located at the center of the sixth coordinate frame is
considered. Following table gives these parameters for each link at the maximum
position with the maximum payload (3 kg).
Table 5.2 Effective inertial parameters

Link Number
1
2
3
4
5
6

Effective Mass (kg)
15.729
12.662
8.753
5.809
4.361
3.844

Effective Inertia (kg∙m2 )
3.26891
3.27916
1.17266
0.19151
0.16562
0.00871

There is one more issue that needs to be addressed before the simulation: actuator
saturation. This phenomenon occurs when the actuator is required to supply more
power than it can provide. Although, this problem may not be encountered with a PD
controller, it will definitely an issue in PID applications due to integral control action.
When the error stays positive or negative in a long period of time, the integral of the
error tends to grow quickly resulting with a high torque input requirement. This
problem can be overcome by limiting the torque requirement according to the actuator
characteristics. The following table lists the maximum torque limits of the actuators
which are selected for the simulation. As the manufacturer of IRB120 is reluctant to
share any information related to the robot characteristics of the robot arm, the torque
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values given in Table 5.3 are taken from a similar robot arm and modified according
to the inertial characteristics of IRB120 [45].
Table 5.3 Actuator torque limits

Joint Number
1
2
3
4
5
6

Torque Limit (N∙m)
100
120
80
40
30
20

By combining torque limitations and decoupled control, individual joint responses are
simulated and the gain matrices given in the following equation are observed to satisfy
necessary performance requirements. Also, simulation results are given in Figure 5.3.

𝑲𝒑 = 𝑑𝑖𝑎𝑔{300}, 𝑲𝒅 = 𝑑𝑖𝑎𝑔{30}, 𝑲𝒊 = 𝑑𝑖𝑎𝑔{20}

Figure 5.3 Unit step responses of individual joints
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(5.18)

It is worth to note that much thought has not been given to the tuning of PID parameters
because the main objective of this study is to present the adaptive stability of the PID
self-tuning regulator. Figure 5.3 successfully illustrates the stability of the error
convergence well within the required performance limits. If a faster response and error
convergence is required, PID gains of the controller can be updated easily.

5.4

Self-tuning Adaptive Computed Torque Controller

Conventional PID controller have been used and still being used in the robot control
applications extensively. However, in the presence of heavy parametric uncertainties,
it is not possible to sustain stability and error convergence with the conventional PID
control. Thus, the PID controller given in the previous chapter will be modified so that
the controller will adapt by estimating the values of unknown parameters present
within the dynamic equation. Craig et al. proposed an adaptive PD controller scheme
to be used in robot control applications [37]. We shall use their method to formulate
the adaptive PID controller. Let the motion equation of the robot be in the same form
with the PID controller.

𝝉 = 𝑫(𝒒)𝒒̈ + 𝑯(𝒒, 𝒒̇ ) + 𝝉𝒅

(5.19)

and the control law becomes:
̂ (𝒒)(𝒒̈ 𝑑 + 𝑲𝒅 𝒆̇ (𝑡) + 𝑲𝒑 𝒆(𝑡) + 𝑲𝒊 𝝐(𝑡)) + 𝑯
̂ (𝒒, 𝒒̇ )
𝝉(𝑡) = 𝑫

(5.20)

The control law carries the same form with the computed torque PID controller except
one key difference. The inertia related and nonlinear matrices are denoted differently,
because in this case, some of the parameters within these matrices are unknown. These
parameters may be inertial and dimensional parameters and regardless of their nature
the adaptive method can estimate their values to compensate the uncertainties. The
self-tuning PID controller scheme can be seen in Figure 5.4.
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Figure 5.4 PID controller with parameter adaptation [37]

Let the positional, velocity and acceleration errors be defined as:

𝒆(𝑡) = 𝒒𝒅 (𝑡) − 𝒒(𝑡)

(5.21)

𝒆̇ (𝑡) = 𝒒̇ 𝒅 (𝑡) − 𝒒̇ (𝑡)

(5.22)

𝒆̈ (𝑡) = 𝒒̈ 𝒅 (𝑡) − 𝒒̈ (𝑡)

(5.23)

By combining robot arm dynamics, control law and error definition, it is possible to
obtain the error dynamics of the system as the following.
̂ −1 (𝒒)[𝑫
̃ (𝒒)𝒒̈ + 𝑯
̃ (𝒒, 𝒒̇ )]
𝑲𝒅 𝒆̇ (𝑡) + 𝑲𝒑 𝒆(𝑡) + 𝑲𝒊 𝝐(𝑡) = 𝑫

(5.24)

̃ (𝒒) = 𝑫(𝒒) − 𝑫
̂ (𝒒)
𝑫

(5.25)

̃ (𝒒, 𝒒̇ ) = 𝑯(𝒒, 𝒒̇ ) − 𝑯
̂ (𝒒, 𝒒̇ )
𝑯

(5.26)
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When the gripper grasp different payloads, the inertial parameters of the sixth link
(mass, inertia and center of mass) changes. As stated earlier, it is desired to carry these
payloads without precisely knowing their inertial parameters. In this scenario,
unknown parameters, their estimates and parameter error for the six link robot arm can
be defined as:

𝑷 = [ 𝑚6

𝐼6 𝑥𝑥

𝐼6 𝑦𝑦

𝐼6 𝑧𝑧

𝑟6 𝑧 ]𝑇

̂ = [𝑚
̂6
𝑷

𝐼̂6 𝑥𝑥

𝐼̂6 𝑦𝑦

𝐼̂6 𝑧𝑧

𝑟̂6 𝑧 ]

𝑇

̂
𝚽=𝑷− 𝑷

(5.27)

(5.28)

(5.29)

The parameter error vector has the size 𝑟 × 1 with 𝑟 being the number of unknown
parameters. The method presented here cannot function if parameter bounds are
completely unknown. At the beginning of the adaptation process, depending on the
trajectory some parameters are observed to be divergent. Thus, parameter adaptation
also needs an anti-windup protection which is similar to the one implemented against
actuator saturation. Table 5.4 presents the parameter boundaries used in the simulation.
Table 5.4 Parameter boundaries

Parameter

𝒎𝟔 (kg)

Lower Boundary 0
Upper Boundary 6

𝑰𝟔 𝒙𝒙 (kg∙m2 ) 𝑰𝟔 𝒚𝒚 (kg∙m2 ) 𝑰𝟔 𝒛𝒛 (kg∙m2 ) 𝒓𝟔 𝒛 (𝐦)
0
0
0
-0.210
0.00900
0.00900
0.00900
0.110

Using the parameter error, the error dynamics of the system can be rewritten as the
following.
̂ −1 (𝒒)𝑾(𝑞, 𝑞̇ , 𝑞̈ )𝚽
𝑲𝒅 𝒆̇ (𝑡) + 𝑲𝒑 𝒆(𝑡) + 𝑲𝒊 𝝐(𝑡) = 𝑫

(5.30)

𝑾 is the regression matrix and it is a matrix of functions with size 𝑛 × 𝑟 measuring
the effect of each unknown parameter in the dynamic equation. As the reduced analytic
dynamic equation for IRB120 was not studied yet, it is not possible to present 𝑾 in its
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analytic form. However, this problem can be overcome with a simple numerical
procedure. If matrices of the dynamic equation are calculated separately by setting the
parameter values zero and one, then the difference of two results shall yield the
respective columns in the regression matrix.
The adaptation law will update the unknown parameters in each run of the control loop
using the filtered servo error of the system. The filtered servo error can be defined as:

𝒆1 = 𝒆̇ + 𝚿𝐞

(5.31)

Here, 𝚿 = 𝑑𝑖𝑎𝑔(Ψ1 , Ψ2 , … , Ψ𝑛 ) and Ψ𝑖 > 0. As it was stated in [37], the servo error
filter is not needed to be physically implemented to the hardware because 𝒆1 can be
easily computed using the sensory readings of 𝒆̇ and 𝒆. Normally, the resultant system
in the PID controller has a third order transfer function. However, the adaptation
algorithm only utilizes 𝒆̇ and 𝒆, not 𝝐. As a result, in the selection of Ψ𝑖 the following
transfer function must be strictly positive real(SPR).

𝑇(𝑠) =

𝑠2

𝑠 + Ψ𝑖
+ 𝑘𝑑𝑖 𝑠 + 𝑘𝑝𝑖

(5.32)

There are numerous definitions given for SPR functions in the literature but they
essentially give the same result. A function is SPR, if the following conditions are
satisfied [42].
1. All poles of the transfer function lies in the region 𝑅𝑒(𝑠) ≤ 0.
1
2. Hermitian part of the transfer function (𝐻𝑒[𝑇(𝑠)] = 2 [𝑇(𝑠) + 𝑇(𝑠 ∗ )], 𝑠 ∗ =
−𝑗𝜔) is positive definite for in 𝑅𝑒(𝑠) > 0.

In our selection of Ψ𝑖 ’s the criteria given above was considered and 𝚿 = 𝑑𝑖𝑎𝑔(5) was
observed to yield the desired system performance. The robot arm equation can be
expressed in its simplest state space form as the following.
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̂ −1 (𝒒)𝑾(𝒒, 𝒒̇ )𝚽
𝒙̇ = 𝑨𝒙 + 𝑩𝑫

(5.33)

𝒆1 = 𝑪𝒙

(5.34)

With the appropriate selection of Ψ𝑖 ’s, the existence of positive definite 𝓟 and 𝑸
matrices is assured according to the Meyer-Kalman-Yakubovitch lemma given in [43].
The relations of these matrices with the coefficient matrices of the state-space form is:

𝑨𝑻 𝓟 + 𝓟𝑨 = −𝑸

(5.35)

𝑪 = 𝑩𝑻 𝓟

(5.36)

Then, it is possible to obtain the adaptation law using Lyapunov stability theorem. Let
the candidate Lyapunov function be the one given in [44]:

𝒗(𝒙, 𝚽) = 𝒙𝑻 𝓟𝒙 + 𝚽 𝑻 𝚪 −𝟏 𝚽

(5.37)

where Γ = 𝑑𝑖𝑎𝑔(𝛾1 , 𝛾2 , … , 𝛾𝑟 ) with 𝛾𝑖 > 0. Γ matrix represents the speed of the
adaptation and its duty is somewhat similar to the proportional gains in the PID
controller. It was observed that if high values are selected, the adaptation becomes
unstable and the controller cannot function properly. This means adaptation of
unknown parameters can be made faster up to some point and it should be kept within
reasonable limits. In the control simulations presented in the subsequent chapter,
following adaptation matrix is used.
1
0
0 0.0002
Γ= 0
0
0
0
[0
0

0
0
0.001
0
0

0
0
0
0.0008
0

0
0
0
0
0.01]
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(5.38)

As the Lyapunov theorem states, if the time derivative of the Lyapunov function is
non-positive, the system is stable in the sense of Lyapunov. The derivative of the
Lyapunov function candidate is:
̂ −𝟏 𝒆𝟏 + 𝚪 −𝟏 𝚽̇)
𝒗̇ (𝒙, 𝚽) = −𝒙𝑻 𝑸𝒙 + 𝟐𝚽 𝑻 (𝑾𝑻 𝑫

(5.39)

̂ −𝟏 𝒆𝟏 is
It can be seen from the time derivative of the function, if 𝚽̇ = −𝚪𝑾𝑻 𝑫
selected, the derivative will be always non-positive. As a result, the adaptation law
becomes:
̂̇ = −𝑷
̂̇
𝚽̇ = 𝑷̇ − 𝑷

(5.40)

̂̇ = 𝚪𝑾𝑻 𝑫
̂ −𝟏 𝒆𝟏
𝑷

(5.41)

The adaptation law adds five more first order differential equations to the Runge-Kutta
solver. In each run of the control loop, adaptation law is also needed to be solved and
the torques should be computed using the updated values of the unknown parameters.
This way the unknown parameters will converge to their true values and adaptation
will be achieved.
Using the GNU Octave programming language, a simulation script was written to
simulate the adaptive system response. The script uses the adaptive control strategy
presented here to simulate the robot arm motion while it carries the payload along the
robot trajectories presented in Chapter 4. This simulation script is given in Appendix
B along with detailed explanation.
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CHAPTER 6
SIMULATION RESULTS
6.1

Introduction

The necessary foundations for kinematics, dynamics, trajectory planning and control
of robot manipulators have been laid in the previous chapters. This chapter presents
visualization and verification of these formulations via computer simulations.
Necessary algorithms have been implemented using programming language GNU
Octave. The syntax of GNU Octave is almost identical to the MATLAB and its source
code is freely redistributable. These are some of the main reasons why this
programming language was preferred. We shall start with the verification and the
visualization of the kinematic representation of the robot arm.

6.2

Kinematics

As it was mentioned earlier, two separate subroutines for forward (forward.m) and
inverse (inverse.m) kinematics were implemented for kinematics simulation. In Figure
6.1, results of the forward kinematics simulation for individual joints can be seen. The
robot pose is obtained via forward kinematics procedure explained in the second
chapter and figures are obtained by moving each joint in the specified range while
keeping other joints stationary. For each pose of the robot, joint angular positions are
used to calculate the coordinates of each joint. Then, the program uses these
coordinates to generate the posture of the manipulator. Yellow, green, and red
coordinate axes represents 𝑥, 𝑦, and 𝑧 coordinate axes of the respective joints. As it
can be seen from Figure 6.1, links are moving as expected and this verifies that the
Denavit-Hartenberg representation was implemented correctly.
In a similar way, four different arm configurations can be simulated using the inverse
kinematic subroutine. The desired position and orientation of the end-effector is
supplied to the program in the homogeneous transformation matrix format 0𝑇6 . Then,
the program calculates necessary angular positions of each joint for four different
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configurations. In order to illustrate these configurations, following arbitrary end
effector position and orientation is used.

Figure 6.1 Forward kinematics simulation

0.3394
−0.4771
0
𝑇6 = [
0.8107
0

0.9402
0.1444
−0.3087
0

0.0312
0.8670
0.4975
0

2.17
275.38
]
595.79
1

(6.1)

Angular positions which correspond to this position and orientation are calculated and
given in Table 6.1, and also, calculated angular positions are simulated using forward
kinematics. The results can be seen in Figure 6.2.
Table 6.1 Joint angular positions for different configurations

Robot Configuration
Above Arm and Wrist Down
Above Arm and Wrist Up
Below Arm and Wrist Down
Below Arm and Wrist Up

𝜽𝟏
90.0
90.0
90.0
90.0

𝜽𝟐
-27.8
-27.8
-100.0
-100.0
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𝜽𝟑
-143.9
-143.9
-10.0
-10.0

𝜽𝟒
-2.2
177.8
10.0
-170.0

𝜽𝟓
-51.9
51.9
10.0
-10.0

𝜽𝟔
21.2
-158.8
10.0
-170.0

Figure 6.2 Simulation of different robot arm configurations

6.3

Dynamics

As it was stated earlier, the analytical form of the dynamic equation was not obtained
in this study and necessary dynamical terms are calculated numerically. As a result,
another verification is needed to see if numerical calculations yields the correct results
or not. For this purpose, the Lagrange-Euler formulation was implemented
symbolically and the results were compared with the dynamic equation of the two link
manipulator given in Figure 6.3. If the program can produce the correct results for two
link manipulator, this means all loops in the program works correctly. Since the
implementation was carried out parametrically, just changing the number of degrees
of freedom in the program will give the correct results for a six link manipulator as
well. The code used for this calculation can be seen in Appendix B. The dynamic
equation for the two-link manipulator system was obtained by Fu et al. using the
Lagrange-Euler formulation described in the dynamics chapter [1]. Recall that the
equation of motion has the following form:
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Figure 6.3 Two link manipulator [1]

𝝉 = 𝑫(𝜽)𝜽̈ + 𝒉(𝜽, 𝜽̇) + 𝒄(𝜽)

(6.2)

where 𝐷(𝜃) is the acceleration related inertia matrix, ℎ(𝜃, 𝜃̇ ) is the nonlinear Coriolis
and centrifugal matrix, and 𝑐(𝜃) is the gravity loading vector. And the analytical form
of the dynamic equation for two link manipulator is:
𝑚1 𝑙 2 4𝑚2 𝑙 2
𝑚2 𝑙 2 𝑚2 𝑙 2 𝐶2
+
+ 𝑚2 C2 𝑙 2
+
𝜃̈1
3
3
2
[ ]= 3
[
]
𝑚2 𝑙 2 𝑚2 𝑙 2 𝐶2
𝑚2 𝑙 2
𝜏2
̈2
𝜃
+
[
]
3
2
3
𝑚2 𝑆2 𝑙 2 𝜃̇2
−
− 𝑚2 𝑆2 𝑙 2 𝜃̇1 𝜃̇2
2
+
𝑚2 𝑆2 𝑙 2 𝜃̇2
[
]
2
𝜏1

𝑚1 𝑔𝑙𝐶1 𝑚2 𝑔𝑙𝐶12
+
+ 𝑚2 𝑔𝑙𝐶1
2
2
+[
]
𝑚2 𝑔𝑙𝐶12
2
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(6.3)

The results of the symbolic computation are given in Figure 6.4. With some simple
algebraic manipulations, it can be shown that program output and the analytic equation
is a perfect match, and this concludes the verification of the dynamic equation.

Figure 6.4 Symbolic program output for the dynamic equation

6.4

Trajectory Planning

Robot trajectories used in the control simulations represented in this study requires
robot trajectories to be computed beforehand. This means required joint angular
positions, velocities and accelerations must be computed to yield the required
trajectory. For this purpose, two different robot trajectories were generated. First
trajectory was generated using the joint interpolated trajectory method presented in the
fourth chapter. The manipulator is required to move from the initial state to the final
state defined in the following homogeneous transformation matrices.

0

𝑖

𝑇6 =

0 1

0

250

1 0

0

10

0 0 −1
[0 0

0

(6.4)

0
1 ]
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500

0

0

0
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1 ]

As it was stated earlier, in joint interpolated trajectories the position of the end-effector
along the trajectory is not planned and a smooth transition between the initial and final
states achieved using polynomials. Thus, the end-effector follows a smooth curve in
three dimensional space. The joint interpolated robot trajectory can be seen in Figure
6.5.
A computer program named jst_planner.m was written to generate joint interpolated
trajectories. The program accepts initial and final states and necessary trajectory
parameters as input and calculates the corresponding polynomial coefficients for
angular positions, velocities and accelerations of each joint. Then, these polynomials
are evaluated at every control point. The results of these evaluations are illustrated in
Figure 6.6, Figure 6.7, and Figure 6.8. Also, the GNU Octave script can be found in
Appendix B.
Position, velocity and acceleration profiles for each joint follows the same pattern as
expected. The reason for this is that same polynomial profiles have been used for the
trajectory planning of each joint: 4-3-4 polynomials for angular positions, 3-2-3
polynomials for angular velocities and 2-1-2 polynomials for angular accelerations.
Also, each angular velocity profile has one extremum which defines the nature of the
smooth transition and is the main reason why these trajectories are preferred.
The second trajectory which will be used in the control simulation was generated using
the cartesian space trajectory generation method described in the fourth chapter.
Similarly, the robot is required to move from an initial state to a final state, but unlike
joint interpolated trajectories, the position of the end-effector is planned in the
cartesian space and it requires to follow a straight line segment. The initial and final
states are as follows,
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Figure 6.5 The joint interpolated trajectory

Figure 6.6 Joint interpolated trajectory joint angular positions
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Figure 6.7 Joint interpolated trajectory joint angular velocities

Figure 6.8 Joint interpolated trajectory joint angular accelerations
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Figure 6.9 The cartesian space trajectory

The resulting cartesian space trajectory is given in Figure 6.9. Another computer
program named cst_planner.m was implemented for this operation. This program also
excepts initial and final states of the end-effector and calculates the positions and
orientation of the end-effector at each control point. Then, the angular positions of
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each joint are calculated by invoking the inverse kinematic procedure. Finally, the
angular velocities and accelerations are obtained using a consecutive numerical
differentiation. The results of this operation can be seen in Figure 6.10, Figure 6.11,
and Figure 6.12.
When two methods are compared there are some key differences which stand out.
Unlike joint interpolated trajectories, there is not a common profile for angular
positions, velocities and accelerations in the joint space equivalent of cartesian space
trajectories. Furthermore, there may be multiple extremum points in the angular
velocity profiles. The reason for this is that the main concern in the cartesian space
trajectories is not smooth transition rather it is the cartesian coordinates of the
trajectory. As a result, it can be stated that the first method is gentler on the actuators.

Figure 6.10 Cartesian space trajectories joint angular positions
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Figure 6.11 Cartesian space trajectories joint angular velocities

Figure 6.12 Cartesian space trajectories joint angular accelerations
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6.5

PID Controller Simulation

The stability of the PID controller under unit step input was illustrated in the previous
chapter. However, this does not ensure the stability of trajectory tracking since the
controller parameters were tuned considering the decoupled system only. A control
simulation is prepared which tests the robot along the cartesian space trajectory given
in Figure 6.9 in order to demonstrate the trajectory tracking stability of the PID
controller. In the first part of the simulation the robot is loaded to its maximum capacity
(3 kg) and the dynamic equation within the controller does not include any uncertain
system parameters. Figure 6.13 gives the joint angular position errors for the first part
of the simulation.

Figure 6.13 Angular position errors for PID controller with 3 kg payload

Figure 6.13 illustrates the trajectory tracking stability of the PID controller. Angular
position errors of the individual joints stays lower than 0.001 𝑟𝑎𝑑. However, this
figure is unable to present a comprehensive result on its own considering the cartesian
space error. Using the forward kinematics procedure, the resulting cartesian
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coordinates of the end effector with the desired and the actual trajectory can be
compared. Figure 6.14 illustrates the results of this comparison in the form of cartesian
space error. As it can be seen from the figure, the positional error is smaller than
0.3 𝑚𝑚 at all times and controller successfully compensates the positional error.
Furthermore, the error tends to decrease as the simulation nearing its end. It can be
observed that the error profile resembles angular accelerations of the cartesian space
trajectory by comparing Figure 6.12 and Figure 6.13. This phenomenon occurs due to
slow angular velocity requirements of the individual joints and the error caused by the
inertial terms dominates the error caused by the velocity terms.

Figure 6.14 Cartesian space position error for PID controller with 3 kg payload

In the second part of the simulation the robot is required to carry different payloads up
to its maximum capacity, but this time the inertial parameters of the payloads are not
implemented into the controller. As a result, the dynamic equation within the controller
and the one within the Runge-Kutta solver mismatch. The dynamic equation within
the controller includes the initial inertial parameters of the sixth link and the dynamic
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equation of the Runge-Kutta solver includes the updated inertial parameters. This way
the actual behavior of the system can be approximated in the simulation environment.
Figure 6.15 gives angular positional error of the individual joints under different
loading conditions with dynamic model mismatch. Also, the resulting cartesian error
of the end-effector is given in Figure 6.16.
The results of these figures yields two important results. As the difference between the
dynamic models increases the error also increases proportionally. Furthermore, it can
be seen from the figures that the joint responses become unstable and the controller
cannot function properly, because the positon errors do not tend to decrease anymore.
These two problems will be solved with the implementation of the self-tuning adaptive
controller in the subsequent section.

Figure 6.15 PID joint angular position error with model mismatch
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Figure 6.16 PID cartesian space position error with model mismatch

6.6

Self-Tuning Adaptive PID Controller Simulation

In the self-tuning adaptive controller simulations, the adaptive abilities of the
controller will be tested under heavy dynamic uncertainties. In these simulations, the
robot is required to carry different payloads along the joint interpolated trajectory
given in Figure 6.5. These simulations were carried out using a similar procedure
described in the PID controller simulation with model mismatch. While the dynamic
equation implemented in the controller stays the same, the dynamic equation within
the Runge-Kutta solver is updated according to the varying payload parameters and
the controller responses are investigated. Figures 6.17 through 6.22 illustrates the
behavior of the controller while the end-effector is loaded to its half and full capacity.
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Figure 6.17 Adaptive PID joint angular position error with 1.5 kg payload

Figure 6.18 Adaptive PID cartesian space position error with 1.5 kg payload
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Figure 6.19 Adaptive PID parameter estimates with 1.5 kg payload

Figure 6.20 Adaptive PID joint angular position error with 3 kg payload
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Figure 6.21 Adaptive PID cartesian space position error with 3 kg payload

Figure 6.22 Adaptive PID parameter estimates with 3 kg payload
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As the simulation results indicates, the initial error of the system increases with the
increasing uncertainty. Which means as the difference between two dynamic equations
increases the initial error of the system also increases. However, both simulation
results illustrate the effectiveness of the adaptive controller. After a quick adaptation
period, the controller could estimate the unknown parameters up to an acceptable
certainty and the resulting joint angular position errors were decreased to the level
occurred in the conventional PID controller with no model mismatch. Yet, these two
simulations are not enough for exhibiting the full functionality of the adaptive
controller. As long as the positional error exists the adaptation law will try to estimate
the unknown parameters even if the two dynamic equations are exactly some. Thus,
the parameter estimates should also stay within the acceptable limit in cases there is
no model mismatch. Figures 6.23 through 6.25 gives the system error and the
parameter estimates with no model mismatch while the robot is required to move along
the same joint interpolated trajectory given in Figure 6.5.

Figure 6.23 Adaptive PID joint angular position error without payload
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Figure 6.24 Adaptive PID cartesian space position error without payload

Figure 6.25 Adaptive PID parameter estimates without payload
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Table 6.2 True values of the unknown parameters

Unknown
Parameters
No Payload
1.5 kg Payload
3 kg Payload

𝒎𝟔 (kg) 𝑰𝟔 𝒙𝒙 (kg∙m2 )

𝑰𝟔 𝒚𝒚 (kg∙m2 )

𝑰𝟔 𝒛𝒛 (kg∙m2 )

𝒓𝟔 (m)

0.844
2.344
3.844

0.00131
0.00209
0.00374

0.00125
0.00203
0.00368

-0.086
-0.031
-0.019

0.00254
0.00332
0.00497

Table 6.3 Estimated values of the unknown parameters

Unknown
Parameters
No Payload
1.5 kg Payload
3 kg Payload

𝒎𝟔 (kg) 𝑰𝟔 𝒙𝒙 (kg∙m2 )

𝑰𝟔 𝒚𝒚 (kg∙m2 )

𝑰𝟔 𝒛𝒛 (kg∙m2 )

𝒓𝟔 (m)

0.966
2.285
3.688

0.00119
0.00557
0.00395

0.00058
0.00686
0.00635

-0.092
-0.031
-0.018

0.00249
0.00246
0.00278

By assessing all simulation results it is possible to say that the self-tuning adaptive
controller could successfully met all necessary performance requirements which were
drawn in Chapter 5. The parameter estimates were found either convergent to their true
values or to be bounded at all times. The true and estimated values of the unknown
parameters by the adaptive controller are given in Tables 6.2 and 6.3. The resulting
cartesian space error of the end-effector with these estimated parameters was observed
to stay in the error level of the conventional PID controller with no model mismatch.
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CHAPTER 7
CONCLUSION
In this study, a self-tuning adaptive PID controller for IRB120 robot arm has been
presented. Furthermore, advantageous of the adaptive control over the conventional
PID control has been outlined. In order to present a complete simulation environment,
all necessary system analyses have been also conducted and these analyses have been
simulated using the programming language GNU Octave.
The kinematic model of the manipulator has been formed using Denavit-Hartenberg
representation and analytic inverse kinematic solution also obtained using the same
convention. The analytic solution for the IRB120 robot arm has not been presented
before and this can be stated as a contribution to the literature. However, the backswept
configuration for the manipulator was not deemed necessary for this study and the
inverse kinematic solution needs to be extended to include this configuration as well.
The dynamic model which was implemented into the control algorithm has been
obtained using the Lagrange-Euler method. The main drawback of this method is the
computation speed. It would have been best suited to implement a recursive method
for the simulation purposes. This method was initially preferred to obtain the reduced
analytic form of the equation of motion for the IRB120 robot arm. However, this task
could not be completed due to time limitations. Hence, simulations were performed
using the numerical form of the Lagrange-Euler method and obtaining the analytic
form of the dynamic equation was left as a future work.
A joint interpolated and a cartesian space trajectory planning method have been
presented. Also, two case study was performed using these two methods and the
control simulation have been performed using these robot trajectories. Moreover, two
methods had been compared and their advantageous over each other have been
presented.
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Finally, the robot has been simulated using the conventional PID control and self
tuning adaptive PID control methods. The resulting joint space and cartesian space
errors have been analyzed and it was observed that the adaptive method can
successfully sustain the system stability within the same error margin of the
conventional PID control method when dynamic model includes heavy uncertainties.

91

REFERENCES
[1]

Fu, K. S., Gonzalez, R. C. & Lee, C. S. G. Robotics: Control Sensing, Vision
and Intelligence (1st ed.). Tata: McGraw-Hill Education. 1987

[2]

Hartenberg, R. S., & Denavit, J. A kinematic notation for lower pair
mechanisms based on matrices. Journal of Applied Mechanics, 77 (2), 215221. 1955

[3]

Funda, J., & Paul, R. P. A computational analysis of screw transformations in
robotics. IEEE Transactions on Robotics and Automation, 6 (3), 348-356. 1990

[4]

Sarıyıldız, E., & Temeltaş, H. Solution of inverse kinematic problem for serial
robot using dual quaterninons and plücker coordinates. In IEEE/ASME
International Conference on Advanced Intelligent Mechatronics, 338-343. July
2009

[5]

Küçük, S., & Bingül, Z. The inverse kinematics solutions of industrial robot
manipulators. In Proceedings of the IEEE International Conference on
Mechatronics, 274-279. June 2004

[6]

Lee, C. S. G., & Ziegler, M. (1984). Geometric approach in solving inverse
kinematics of PUMA robots. IEEE Transactions on Aerospace and Electronic
Systems, 6, 695-706. 1984

[7]

Lee, H. Y., & Liang, C. G. A new vector theory for the analysis of spatial
mechanisms. Mechanism and Machine Theory, 23 (3), 209-217. 1988

[8]

Angeles, J. On the numerical solution of the inverse kinematic problem. The
International Journal of Robotics Research, 4 (2), 21-37. 1985

[9]

Olsen, A. L., & Petersen, H. G. Inverse kinematics by numerical and analytical
cyclic coordinate descent. Robotica, 29 (4), 619-626. 2011

[10]

Zhao, Y., Huang, T., & Yang, Z. A new numerical algorithm for the inverse
position analysis of all serial manipulators. Robotica, 24 (3), 373-376. 2006

92

[11]

Köker, R., Cakar, T., & Sari, Y. A neural-network committee machine
approach to the inverse kinematics problem solution of robotic manipulators.
Engineering with Computers, 30 (4), 641-649. 2014

[12]

Ankarali, A. ANFIS inverse kinematics and precise trajectory tracking of a
dual arm robot. In Proceedings of the International Conference on Modelling,
Simulation and Visualization Methods, 270-274. 2012

[13]

Kalra, P., Mahapatra, P. B., & Aggarwal, D. K. An evolutionary approach for
solving the multimodal inverse kinematics problem of industrial robots.
Mechanism and Machine Theory, 41 (10), 1213-1229. 2006

[14]

Gu, Y. L., & Loh, N. K. Dynamic model for industrial robots based on a
compact Lagrangian formulation. In 24th IEEE Conference on Decision and
Control, 1497-1501. December 1985

[15]

Lee, C. S. G., Lee, B. H., & Nigam, R. Development of the generalized
d'Alembert equations of motion for mechanical manipulators. In 22nd IEEE
Conference on Decision and Control, 1205-1210. December 1983

[16]

Sciavicco, L., Siciliano, B., & Villani, L. Lagrange and Newton-Euler dynamic
modeling of a gear-driven robot manipulator with inclusion of motor inertia
effects. Advanced Robotics, 10 (3), 317-334. 1995

[17]

Hollerbach, J. M. A recursive lagrangian formulation of manipulator dynamics
and a comparative study of dynamics formulation complexity. IEEE
Transactions on Systems, Man, and Cybernetics, 10 (11), 730-736. 1980

[18]

Lin, C., Chang, P., & Luh, J. Formulation and optimization of cubic polynomial
joint trajectories for industrial robots. IEEE Transactions on Automatic
Control, 28 (12), 1066-1074. 1983

[19]

Boryga, M., & Graboś, A. Planning of manipulator motion trajectory with
higher-degree polynomials use. Mechanism and Machine Theory, 44 (7),
1400-1419. 2009

93

[20]

Paul, R. Manipulator Cartesian path control. IEEE Transactions on Systems,
Man, and Cybernetics, 9 (11), 702-711. 1979

[21]

Chen, Y. C. Solving robot trajectory planning problems with uniform cubic
B‐ splines. Optimal Control Applications and Methods, 12 (4), 247-262. 1991

[22]

Tian, L., & Collins, C. An effective robot trajectory planning method using a
genetic algorithm. Mechatronics, 14 (5), 455-470. 2004

[23]

Ata, A. A. Optimal trajectory planning of manipulators: a review. Journal of
Engineering Science and Technology, 2 (1), 32-54. 2007

[24]

Ajwad, S. A., Iqbal, J., Ullah, M. I., & Mehmood, A. A systematic review of
current and emergent manipulator control approaches. Frontiers of Mechanical
Engineering, 10 (2), 198-210. 2015

[25]

Kawamura, S., Miyazaki, F., & Arimoto, S. Is a local linear PD feedback
control law effective for trajectory tracking of robot motion. In Proceedings of
IEEE International Conference on Robotics and Automation, 1335-1340. April
1988

[26]

Arimoto, S. Stability and robustness of PID feedback control for robot
manipulators of sensory capability. In Robotics Research 1st International
Symposium, 783-799. 1984

[27]

Wen, J. T., & Murphy, S. H. PID Control for Robot Manipulators (1st ed.).
Rensselaer: Rensselaer Polytechnic Institute Press. 1990

[28]

Qu, Z., & Dorsey, J. Robust tracking control of robots by a linear feedback
law. IEEE Transactions on Automatic Control, 36 (9), 1081-1084. 1991

[29]

Li, X., & Yu, W. A systematic tuning method of PID controller for robot
manipulators. In 9th IEEE International Conference on Control and
Automation, 274-279. December 2011

94

[30]

Ayala, H. V. H., & dos Santos Coelho, L. Tuning of PID controller based on a
multiobjective genetic algorithm applied to a robotic manipulator. Expert
Systems with Applications, 39 (10), 8968-8974. 2012

[31]

Dubowsky, S., & DesForges, D. T. The application of model-referenced
adaptive control to robotic manipulators. Journal of Dynamic Systems,
Measurement, and Control, 101 (3), 193-200. 1979

[32]

Horowitz, R., & Tomizuka, M. An adaptive control scheme for mechanical
manipulators compensation of nonlinearity and decoupling control. Journal of
Dynamic Systems, Measurement, and Control, 108 (2), 127-135. 1986

[33]

Takegaki, M., & Arimoto, S. An adaptive trajectory control of manipulators.
International Journal of Control, 34 (2), 219-230. 1981

[34]

Tso, S. K., Xu, Y., & Shum, H. Y. Variable structure model reference adaptive
control of robot manipulators. In Proceedings of IEEE International
Conference on Robotics and Automation, 2148-2153. April 1991.

[35]

Zhang, D., & Wei, B. A review on model reference adaptive control of robotic
manipulators. Annual Reviews in Control, 43, 188-198. 2017

[36]

Koivo, A. J., & Guo, T. H. (1981, December). Control of robotic manipulator
with adaptive controller. In 20th IEEE Conference on Decision and Control
Including the Symposium on Adaptive Processes, 271-276. December 1981.

[37]

Craig, J. J., Hsu, P., & Sastry, S. S. Adaptive control of mechanical
manipulators. The International Journal of Robotics Research, 6 (2), 16-28.
1987

[38]

Middletone, R. H., & Goodwin, G. C. Adaptive computed torque control for
rigid link manipulators. In 25th IEEE Conference on Decision and Control, 6873. December 1987

95

[39]

Kelly, R., Haber, R., Haber-Guerra, R. E., & Reyes, F. Lyapunov stable control
of robot manipulators: A fuzzy self-tuning procedure. Intelligent Automation
and Soft Computing, 5 (4), 313-326. 1999

[40]

Llama, M. A., Kelly, R., & Santibañez, V. A stable motion control system for
manipulators via fuzzy self-tuning. Fuzzy Sets and Systems, 124 (2), 133-154.
2001

[41]

Le, T. D., Kang, H. J., Suh, Y. S., & Ro, Y. S. An online self-gain tuning
method using neural networks for nonlinear PD computed torque controller of
a 2-dof parallel manipulator. Neurocomputing, 116, 53-61. 2013

[42]

Dawson, D. M., Abdallah, C. T., & Lewis, F. L. Robot Manipulator Control:
Theory and Practice (2nd ed.). New York: CRC Press. 2003

[43]

Narendra, K. S., & Taylor, J. H. Frequency Domain Criteria for Absolute
Stability (1st ed.). New York: Academic Press. 1973

[44]

Parks, P. Lyapunov redesign of model reference adaptive control systems.
IEEE Transactions on Automatic Control, 11 (3), 362-367. 1966

[45]

Armstrong, B., Khatib O., & Burdick, J. The explicit dynamic model and
inertial parameters of the PUMA 560 arm. In International Conference on
Robotics and Automation, 510-518. April 1986

96

APPENDICES
Appendix A: Forward Kinematic Relations
Appendix B: GNU Octave Simulation Scripts

97

Appendix A – Forward Kinematic Relations
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0

0

1

[ 0

0

𝑇3 =

[ 0
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(A.3)
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𝐶1 (𝑎2 𝐶2 + 𝑎3 𝐶23 − 𝑑4 𝑆23 )
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(A.4)
]

𝐶1 𝑆23 𝑆5 + 𝐶5 (𝑆1 𝑆4 + 𝐶1 𝐶23 𝐶4 )
𝑥5 = [𝑆1 𝑆23 𝑆5 − 𝐶5 (𝐶1 𝑆4 − 𝑆1 𝐶23 𝐶4 ) ]

(A.5)

𝐶23 𝑆5 − 𝑆23 𝐶4 𝐶5
𝑆1 𝐶4 − 𝐶1 𝐶23 𝑆4
𝑦5 = [−𝐶1 𝐶4 − 𝑆1 𝐶23 𝑆4 ]

(A.6)

𝑆23 𝑆4
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−𝐶1 𝑆23 𝐶5 + 𝑆5 (𝑆1 𝑆4 − 𝐶1 𝐶23 𝐶4 )
𝑧5 = [−𝑆1 𝑆23 𝐶5 + 𝑆5 (𝑆1 𝐶23 𝐶4 − 𝐶1 𝑆4 )]

(A.7)

−𝐶23 𝐶5 − 𝑆23 𝐶4 𝑆5
𝐶1 (𝑎2 𝐶2 + 𝑎3 𝐶23 − 𝑑4 𝑆23 )
𝑝5 = [ 𝑆1 (𝑎2 𝐶2 + 𝑎3 𝐶23 − 𝑑4 𝑆23 ) ]
𝑑1 − 𝑎2 𝑆2 − 𝑎3 𝑆23 − 𝑑4 𝐶23
where 𝐶𝑖 = cos 𝜃𝑖 , 𝑆𝑖 = sin 𝜃𝑖 , 𝐶𝑖𝑗 = cos(𝜃𝑖 + 𝜃𝑗 ), and 𝑆𝑖𝑗 = sin(𝜃𝑖 + 𝜃𝑗 ).
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(A.8)

Appendix B – GNU Octave Simulation Scripts

Figure B.1 Forward kinematics subroutine
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Figure B.2 Inverse kinematics subroutine
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Figure B.3 Symbolic dynamic equation script
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Figure B.3 Symbolic dynamic equation script (continued)
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Figure B.4 Joint interpolated trajectory generator subroutine

104

Figure B.5 Cartesian space trajectory planner subroutine
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Figure B.6 Adaptive controller simulation script
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Figure B.6 Adaptive controller simulation script (continued)
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Figure B.6 Adaptive controller simulation script (continued)
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Figure B.6 Adaptive controller simulation script (continued)
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Figure B.6 Adaptive controller simulation script (continued)
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Figure B.6 Adaptive controller simulation script (continued)
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Figure B.6 Adaptive controller simulation script (continued)
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